Honors Calculus
  
Average & Instantaneous Rates
      page 1-1 solutions


If you are driving a car, your average rate of change is distance divided by change in time.  In general an average rate is the change in amount over the change in time & can be thought of as a slope:
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1. The amount of water in a tub is shown on the graph below:

a) Does the tub fill up more and more quickly, less and less quickly, or at a constant rate between times 0 and 3.5?  How do you know?

b) Estimate the average rate of flow between time 4 & 7?  You really just measured a slope to get this value.  Draw the line corresponding to your slope calculation.  

c) Was the rate of flow greater at time 4 or at time 7?  How do you know?

d)  Draw a tangent line at x = 4 by plotting the point on the curve at x = 4 and extending a line through the point with the same “slope” as the curve (just eyeball the slope using a straightedge).  Carefully estimate the “slope” of the curve at time 4 using your tangent line.  Briefly explain what these slopes represent in terms of the tub.  Include units.
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Honors Calculus
    Tangent Lines & Instantaneous Rates
      page 1-2 solutions
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Tangent Line:  As we said before a tangent line goes through a point on the curve and has the same “slope” as the curve does at that point.  An example is shown below:

2. At what point does the curve below appear to be increasing the most quickly?  At what point does it appear to be decreasing the most quickly?  Draw tangent lines to estimate these maximum and minimum slopes.
3.  Suppose this curve is a hilly road and you smoothed out the road to a constant slope. 

a) What would that slope be?

b)  Find an equation for the line representing the smoothed out road.

c)  Would the new road be more or less steep than the original at x = 7.5?
4.  Suppose this curve shows the population of an ant colony (thousands) as a function of time (days).

a) What day did you put out the ant poison?

b) At what average rate did the ant population grow over the eight days shown?

c) What is the real world interpretation for your answer to question 2?
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Honors Calculus        Average & Instantaneous Rates with Tables
      page 1-3 solutions
Average velocity is the change in position (displacement) divided by the change in time.  If the object goes “backwards” we will consider that to be negative velocity.  For example, between times 5 & 7 the object in the table below had a negative average velocity.

5. Your height as a function of time is shown in the table below:

	Time (sec)
	0
	3
	4
	5
	7
	9

	Height (ft)
	100
	130
	150
	190
	100
	50


a) What was your average velocity between time 5 & 9?

b) Ray Ray claims that at time 3 sec your height was 130 ft, so your average speed was 130/3 or 43.3 ft/sec.  What is wrong with this line of reasoning?

c) What would be a reasonable estimate for your instantaneous velocity at time 7?  Explain or show calculation.
d) Was your velocity ever zero?  Was your velocity ever 5 ft/sec?  Explain.

6. You have turned the water all the way on to fill an aquarium.  You gradually turn the water off.  Sadly, just as the water is turned off, the bottom of the tank falls completely off.  Sketch a possible graph of the number of gallons in the tank as a function of time.

Honors Calculus     Average & Instantaneous Rates with an Equation    page 1-4 solutions


7. Bobby Sue’s girls scout cookie sales are shown in the table below:

[image: image122.emf]f(x) = (x^2-9)/(x-3)




f(x) = (x^2-9)/(x-3)


a) Estimate the slope of the curve at x = 4 using a tangent line.  What does this slope represent?  Include units.

b) The equation for the curve is 
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.  What were the average rate of sales on the intervals [3.8,4] & [3.9,4]?  Why do you think these values are so similar (hint: graph the function with xmin=3.8, xmax=4, ymin=97, ymax = 100)? 

c) What are the average rate of sales on the intervals [0.1,0.3] & [0.2,0.3]?  Why aren’t these two values similar like in example b)?  What is the slope of the curve at x = 0.3?  Show work. 

d) Use the method in part c) to find the slope of the curve at x = 4.  How does your answer compare to part a)

Honors Calculus


  Limit Notation                   
      page 1-5 solutions
Limit Notation:  The limit notation, 
[image: image3.wmf]2
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, is read “the limit of f(x), as x approaches 2, is 1”.  It means as the x values get “close” to 2, the y values are “close” to 1 (or equal to 1).  This notation would clearly apply to the table, graph, or equation below.  
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f(x) = x2 - 3
Ex 1 (Obvious Limits):  Some limits are obvious:  
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.  As w gets closer and closer to 2, 3w – 1 gets close to 5, so the limit equals 5. 
8. Write an equation using limit notation consistent with the table below:

	    t

	3.97
	3.98
	3.99
	4
	4.01
	4.02
	4.03
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9. Evaluate the following:  a)  
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10. Use the graph below to evaluate each limit.  One limit does not exist.  Can you see why?
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* The + above the 3 means that x approaches 3 from the right (right hand limit).
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Ex 2 (Zero Over Zero Limit):  Some limits are not so obvious: 
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It is very important to realize that we evaluate this limit by plugging in values of x close to 2, not 2 itself.  This will result in a small number divided by another small number which could be anything:
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So we can’t immediately say what the limit is.  We need to use a table, a graph, or algebra to see what happens when we substitute values of x close to 2.   
The example below gives three methods for evaluating a limit that is not immediately obvious.

Ex 2 (continued):   Evaluate 
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using a table, a graph, and algebra.

[image: image126.emf]-1


1


2


3


4


4


8


x


y




-1 1 2 3 4

4

8

x

y

[image: image127.emf]1


2


3


4


5


-4


4


8


12


16


20


24


|


1+h


f(x) = x^2 + 1




1 2 3 4 5

-4

4

8

12

16

20

24

|

1+h

f(x) = x^2 + 1


















[image: image19.wmf]2

2

32

lim

2

x

xx

x

®

æö

-+

ç÷

-

èø












[image: image20.wmf]2

(2)(1)

lim

(2)

x

xx

x

®

--

=

-












[image: image21.wmf]2

lim(1)1

x

x

®

=-=


The table & graph show that as x gets close to 2, the y values get close to 1.  We can use algebra (factoring) to rewrite the limit in a form that is easy to evaluate.  Why does the table have DNE and the graph have a “hole”?  Why is it obvious that 
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11. Which of the two limits below is obvious?  Briefly explain.  Use a table to evaluate the limit that is not obvious.  What happens if you graph b) & trace to 3?  Why is that?
a)  
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Limits Involving ∞

      page 1-7 solutions
Limit notation can be used to formally describe horizontal & vertical asymptotes.  A vertical asymptote exists (at x = 1 for example) if the y values approach ∞ or -∞ as the x values approach 1.  A horizontal asymptote exists (at y = -2 for example) if the y values get very close to -2 as the x values go to ∞ or -∞.
12. Fill in the empty boxes with the formal description using limits, informal description involving asymptotes, or a possible graph: 

	Informally 

	
Formally

	Possible Graph

	Horizontal asymptote is 
y = -1
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13. One function below clearly has a V.A. at x = 2; analytic methods can be used to easily show that one function does not to have a V.A. at x = 2; and one will require non-analytic methods to check for a V.A.  Explain.  Use limit notation to describe the behavior around x = 2.  Show the work needed to evaluate each limit.
a) 
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14. Evaluate each of the following without using a calculator.
a) 
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Honors Calculus

     Limits & Continuity

      page 1-8 solutions
Informally a function is continuous everywhere if we can draw the graph without lifting our pencil.  A function is continuous at x = 2 if we can draw the “part” around x = 2 without lifting our pencil.    The formal definition for continuity is:


f(x) is continuous at x = 2 if the following holds:  
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15. Three functions with the indicated type of discontinuity are shown below.  Explain why each of the graphs does not meet the formal condition for continuity at x = 2 (i.e. why doesn’t the equality in the definition hold).
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          c) 
Jump: left & right hand limits

Infinite: left or right hand
   Removable:  limit 
           exist but are not equal. 
limit is ∞ or -∞ 

    exists

16. Identify any discontinuities, give the type of discontinuity, and explain why the function doesn’t meet the formal definition for continuity at those values.

a) 
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17. Find a value for k so that the following function is continuous:
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Honors Calculus         Difference Quotient & the “Slope” of a Curve     page 1-9 solutions
18. One extremely important application of limits is finding the slope of a curve at a particular point on the curve.  The procedure is outlined below:

a) Suppose you are standing on the curve below at x = 1.  Does the curve get steeper or less steep as you move to the right?  What do you think the curve would look like if you zoomed in around the part between 1 & 1 + h (do so on your calculator)?

b) Fill out the table below showing the slope of the shorter line segment for different values of h.  Any thoughts on the slope of the curve at x = 1?  Explain.

	H
	.5
	.25
	.1
	.01

	Slope
	
	
	
	


c) Sometimes we can do the procedure in part b) algebraically.  Write an expression for the slope of the shortest of the three line segments below in terms of h.  Evaluate the limit of your expression, algebraically, as h approaches 0.
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19. Would either of the following measure the slope of a curve at x=2?  Explain (a picture may help).

a) 
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Honors Calculus

       Difference Quotient
    
    page 1-10 solutions
Difference Quotient:: 
A difference quotient can be used to find the slope of a curve at a x=1:
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Note:  You may be able to evaluate the limit algebraically, or you may need to use a table or graph to evaluate the limit.  There are several variations of this difference quotient that also work.  

20.  Compare finding the slope of a line with finding the slope of a curve at a point.  How are the two procedures the same and how are they different?  You may want to include a diagram as part of your explanation.

21.  Which of the following would probably give reasonable estimates for the slope of the graph of 
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Honors Calclulus
Average & Instantaneous Rates (HW)

Name:

Your account balance t years from now is shown in the graph below:

a) How much will you have after 5 years?
b) When will your balance be $2000?

c) What will the average rate of growth of your account be over the next five years?

d) What is the instantaneous rate of growth for your account at the times below?  Include units with answers within 0.1 of the exact rate.  Show work.


t = 0


t = 3


when you are 60
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Honors Calculus
Techniques for Evaluating Limits (HW)


Name:

11. Each of the following limits can be determined by inspection.  Evaluate & briefly explain.     
a) 
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2. Use the graph shown to evaluate each of the following:

a) 
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12. Why can’t you easily compute the following limits in your head?  The tables show that the limits exist.  How is that possible when the denominator is becoming zero?  Use algebra & the hints to evaluate each limit.
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       b) 
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	x
	3.8
	3.9
	4
	4.1
	4.2

	y
	7.8
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	DNE
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	8.2

	x
	-.02
	-.01
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	.499
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4. Suppose that 
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.  Determine each of the following if possible.
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13. Evaluate each of the following algebraically (check your answer using a graph or table):

a) 
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c) 
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Honors Calculus

Limits Involving 
[image: image67.wmf]¥

 (HW)

Name:

1. What do the equations tell you about the graph of f(x) (especially about any asymptotes).  Sketch a possible graph.

a) 
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2. Evaluate each of the following without a calculator if possible?

a)  
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3. List any horizontal or vertical asymptotes and use limit notation to describe the behavior around the asymptotes.

a) 
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4.  Write as many limit expression involving infinity as you can for each graph.  Explain what feature of the graph your expression is describing.
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Extra Problems 



Name:

1.  Build a table to evaluate each limit (radian mode).  Show a few lines of your table for parts a & b.

a)  
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b)  
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d)  
[image: image83.wmf]0

sin()

lim

3

x

x

x

®


2.  What might you conclude based on the examples above?  Test your theory with another limit problem similar to the ones above.

3.  
Evaluate the following using a table.   Hint: look at the natural logs of your values in the table.
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Honors Calculus
Limits, Slope, & Rate of Change Review

Name:

1. You should be able to find/estimate the slope of a curve at x = 2 by:

a)  Drawing a tangent line and using the grid

b) Using the equation of the function

     to estimate the slope.



     to find the slope between two 

[image: image137.emf]








     points on the curve (and checking








     by using a closer point).









 f(x) = ln(x) + 4

c)  Using algebra and the limit definition

d)  Using the dy/dx feature on the








      calculator.


f(x) = 4 – x2    









f(x) = ln(x) + 4




2. Find/estimate average and instantaneous rates of change using a formula, graph, or table.

     

a) After t seconds an object has fallen 100 – 4.9t2 feet.                

    Find the velocity at time 2 and the average velocity 
     

    between time 0 to 2.





       




      



     
       

b) Find the average rate of change from 1990 to 1998  

	Time 
	Population (millions)

	1990
	20.5

	1994
	23.0

	1998
	26.1

	2002
	29.5

	2006
	33.3


    & estimate the rate of change in 2006 usin
g the table.
                                  

MOVE THIS TO DERIVATIVE SECTION 
3.  Explain whether a curve has tangent line at x = 2 (look at the slope to the right and left of  x=2)

[image: image138.emf]x


y


2


_


_


_


_


_


|


|


|


|


|


|


3




x

y

2

_

_

_

_

_

|

|

|

|

|

|

3

a)

                      b) f(x) = |x – 2| + 1

c) 
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Answers: 1a) 4.3 1b) 0.5; 1c) -4 1d) 0.5 2a) -19.6 ft/s; -9.8 ft/s 2b) 0.7 million/yr 

 3a)  No (slopes are different on each side)   3b) No (slope is -1 to the left of x=2 & 1 to the right of x=2); No (slope is -1 on left & 1 on right) ; 3c) Yes (slope is 4 coming from both sides) 
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1a) constant rate (constant slope) of 8 gall/min   

b) about  4.33 gal/min (24-11)/(7-4) 
[image: image86.wmf]
c) At time 4 (the graph is steeper – meaning more change in gallons per unit of time)

d)  About 6.4 gallons/min.  Tangent line is shown.  Pick two convenient points to measure slope.
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2. Increasing the most quickly around time 7.5 (0.5 doesn’t appear to be quite as steep).

    Decreasing the most quickly around time 4.

3a) 6.875 (up 55 units over 8 units)

b) y = 6.875x + 10 (intercept appaears to be 10)

c) 7.5 (draw a line connecting the endpoints to see the curve is much steeper at 7.5)

4a) About day 2.25 (the ant population begins to drop)

 b) About 6.875 thousand ants per day (see 3a)

c) The ants population is growing at the greatest rate after 7.5 days, they are dying off at the greatest rate after 4 days.
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5a) -35 ft per second (fell 140 ft in 4 sec)

b) He incorrectly assumes that your height was 0 at time 0 (it was 100 ft)

 c) -35 ft/sec (look at avg. velocity in the interval containing 7 i.e. question 5a).

 d) Yes, the moment when you stopped rising & starting falling (you had to have turned around at some point as you went from 100 feet to 190 feet and back down to 50 feet).
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6. Constant rate of increase, then an extremely steep decrease.
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7a) 13.3 dollars/hr is the rate that Bobby Sue is selling cookies at time 4.

   b) 12.7 dollars/hr & 12.6 dollars/hr.  This is just the slope formula: 
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The values are similar because the graph (shown to the right) is almost a line when you look at such a small section, so the slopes are almost the same.  This is an important point to understand.
c) 
57.9 dollars/hr & 50.3 dollars/hr.  The slope is changing more quickly in this region.  The interval is not small enough for the curve to look like a line as you can see to the right.  Use a smaller interval to get a slope of a little less than -46.0 dollars/hr:




[image: image88.wmf]0

.

46

29

.

3

.

)

29

(.

)

3

(.

-

=

-

-

f

f

 ; 
[image: image89.wmf]7

.

45

299

.

3

.

)

299

(.

)

3

(.

-

=

-

-

f

f


d)   About -12.5 dollar/hr.  Keep picking points closer to 4 until you are conidant your slope isn’t changing much.
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8.  xxx  
[image: image93.wmf]4
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 8 *** Note that we really don’t need to know or care about the value of f(4).

9.    a)  .5  (num close to 2 & den. Close to 4 when x is close to 3)

         b)  1   (eo = 1) 
10.  a)  1    
b) 2  

c)  2   



        d)  2 : When the x coordinate is close to 1 (not equal), the y coordinate is close to 2.

        e)  DNE:  Doesn’t exist.  The y-coordinate could be close to 0 or -1.

        f)  0 (if the x coordinate is a little to the right of -3, the y-coordinate is close to 0)
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11. a) Obvious because the numerator gets very close to 9 & the denominator is 3, so the limit is 9/3 or 3.


b) If x is close to 3 then both the numerator & denominator are close to 0, so you can’t really say what the fraction will be (see example 2).  Use a table, algebra, or a graph to see the limit is 6.  Note that the graph is really just a line with a “hole” at x = 3 (because f(3) is not defined).

	x
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[image: image97.wmf]


=   6  (obvious as x-3 divides out)

Page 7 Answers





       back to page 7
12.

	Informally 

	
Formally

	Possible Graph

	Horizontal asymptote is 

y = -1
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	Vertical asymptote at x = 2
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	Vertical asymptote at x = 1 (goes to ∞ on right & -∞ on left).  Horizontal asymptote of y = 2.
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13a) Cleary a vertical asymptote at x = 2.  A vertical asymptote means the y values “blow up”.  When x is close to 2, the numerator is close to 2 & the denominator is close to 0, so the value does “blow up”, as can be seen by graphing.

  b) f(2) is not defined, but analytic methods show no V.A.  Factor to see that the y values are close to 4 when the x values are close to 2 (see example 2).  There is a “hole”, not a vertical asymptote at x=2 as can easily be seen by graphing (trace to x=2 to see the “hole”).

  c) Appears to have a vertical asymptote at x = 2.  Graph and trace to see the following values.  The y values get bigger and bigger as x gets close to 2.

	x
	2.1
	2.001
	2.00001
	2.0000001

	H(x)
	1.2
	11.4
	114.05
	1140.6


14a) The largest powers in the denominator & numerator will determine the behavior for large values of x.  The highest power is in the denominator, so the denominator will be much bigger for large x, so the limit is 0.

b)  -∞, the largest power is in the numerator, so the numerator will be much bigger than the denominator, so the limit is -∞.

   c)  It is a tie, so looks like 2x3/-5x3, so the limit is -2/5.
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15a) 
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 3).

      b) f(2) is not defined so the equality to determine continuity can’t hold (
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      c)  The limit exists but is not equal to the value of the function, so equality to determine continuity doesn’t  hold (3 
[image: image109.wmf]¹

 4)..

16.
a) Plug a 3 into the top and bottom equations to see if the two pieces will “meet” or have a gap.  In this case we get a y value of 7 for one piece and 9 for the other, so there is a jump discontinuity (the limit as x approaches 3 DNE).

   
b) Factor the denominator, (3x +1)(x – 5), to see that there is an infinite discontinuity at x = -1/3 and a removable discontinuity at 5.  The functio doesn’t meet the formal definition for continiuity because f(-1/3) & f(5) DNE.

  
c) Plug a 0 into the top and bottom equations to see if the two pieces will “meet” or have a gap.  In this case we get a y value of 1 for both pieces so it is continuous. 

17.
The two pieces will “meet” if (2)(3) – 3 = (3)2 + k or if k = -6.
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18a) The curve becomes more steep as you move to the right.  It looks like a line (see the graph to the right or use zoom box on the calculator to get a small section around x = 1). 

 b) The slope of the curve at x = 2 will be 2.  The table below is sort of like zooming in closer & closer around x = 1 and measuring the slope each time.  You can see that as we continue to zoom in, the slope gets closer and closer to 2.

	H
	.5
	.25
	.1
	.01

	Slope
	2.5*
	2.25
	2.1
	2.01


* 
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 c) The formula for the slope is 
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 (the x values are 1+h & 1 which are substituted into the function to get the corresponding y values).  We would like to find this slope as h gets very small:
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19.  The first would work for measuring slope at x = 2.  The argument is measuring a slope.  The slope is between the point on the curve with an x coordinate of 2, and a second point on the curve with an x coordinate very close to 2.  

The second expression will work except for an oddball case we will look at later.  It is measuring the slope between points on the curve with x coordinates of 2+h & 2-h (points a little bit to the left and a little bit to the right of the point with an x-coordinate of 2).
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20. The idea with finding the slope at a point on the curve (at x = 2 for example) is to  pick points on the curve “very close” to the point at x = 2.  The graph will look like a line between the two points, so you can measure the slope.  Both methods in question 19 used this idea.  There is one calculation to get the slope of a line.  With a curve, you need to see what happens to the slope values as the points get closer & closer together.

21. The 1st & 3rd.  The other two measure the slope with one point being (0,0), which is not at all close to the point on the curve with an x-coordinate of 2.
HW Answers:

1. a) x gets close to 2, so x – 2 gets close to 0, so the argument gets close to 0/5 or 0.

d)
If x is a little less than 0 (-.001) then the argument is .001/-.001 or -1.  If x is a little more than 0 (.001) then the argument is .001/.001 or 1.  So the limit does not exist.  You can also see this from a table.  The y values are either -1 or 1.  They do not get close to a single number.

	X
	y

	-.2
	-1

	-.1
	-1

	0
	DNE

	.1
	1

	.2
	1


2.
a) As x gets close to 2, 3f(x) gets close to 3∙3, so the limit is 9.


b) As x gets close to 2, 3 + f(x) get close to 3 + 3, so the limit is 6.

3.
In both cases the denominator gets close to 0.  It is still possible that the limits exist because the numerator also gets close to 0.  A small number divided by a small number could be small or big (.0001/.1 is small & .1/.0001 is big), so we need to simplify the expression or build a table to evaluate the limit.  Two standard tricks are to factor (a) or multiply by a fancy one involving the conjugate (b):


a)    
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          b)   
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  (use conjugate)



= 8
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  (divided out h & obvious) 
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