Honors Calculus

Optimization – Perimeter & Area 
      page 5-1 solutions
1. 
Suppose you wish to enclose a rectangular region using 100 feet of fencing with a river serving as one of the sides.


________________________________




Raging River



________________________________
	


a) 
You might label the right side as R and the bottom side as B.  Complete the table for a few values of R & B:

	R (ft)
	10
	
	30
	

	B (ft)
	
	60
	
	20

	Area (ft2)
	
	
	
	


b) 
What is the largest value that makes sense for R?  Is there a minimum possible area for this region?  Do you have a ballpark guess for the maximum area of the region?
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c) 
The graph of the area of the region as a function of R is shown to the right.  What is going on at the vertex in terms of calculus?  What is the equation for this graph?  Use calculus to find the coordinates of the vertex.
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Many times an optimization problem will involve either area & perimeter or surface area and volume.  The following is usually a good approach to solving these types of problems.


•  Get a formula for the quantity you want to optimize (area, volume, cost, etc.)


•  Get the formula in terms of one variable using substitution


•  If practical, solve analytically by checking where the derivative is zero


•  Check answer by graphing


•  Occasionally the quantity will be optimized at an endpoint (like the


    minimum area for the fence in question 1)

2. Consider the rectangular region from question 1 (the river still serves as one side).

a) 
Suppose you only want to enclose a 1000 ft2 rectangular region against the river.  What is the minimum amount of fencing required?

b) 
Suppose the fencing along the sides costs $2 per foot and the fencing at the bottom costs $3 per foot.  What is the minimum cost to enclose a 1000 ft2 rectangular region?

3.  You are fencing in a rectangular garden.  The fence for the front is quite elegant and rather expensive ($20 / ft) as it is of the utmost importance that you impress your neighbors.  The fence for the other three sides will not be in view so you are going with the best thing you can get for $1.50/ft.

a) How big of an area can you fence in for $1,000?    

b) What are the dimensions of the cheapest possible garden of area 200 sq feet?

4. (6 pts) A cylindrical can with a top has a volume of 100 cm3.  The volume and surface area formulas for a cylinder are as follows:
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a) 
What is the minimum amount of aluminum needed to build the can?

b) 
Would the can need to be twice as tall to hold 200 cm3?  Would the radius and height increase by the same percentage if you doubled the volume of the can to 200 cm3?

5. 
A square based box with a top has a volume of 350 cm3.  What is the minimum amount of cardboard required for such a box? 

6. 
You wish to build a 5000 ft2 swimming pool with 3 foot wide decks on each side.  What is the minimum amount of land required for both the pool and the decks.
7.   You can swim 1 ft/sec and jog 3 ft/sec.  You need to get 1000 feet downstream onto the other side of a 100 foot wide river.  What is the quickest route.  
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Ex 1: Related rates involves using a known rate & relationship to get an unkown rate.  The radius of the spill is increasing at 3 ft/sec.  At what rate is the area of the spill increasing when the radius is 100 ft?
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A = πr2
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A’ = 2πrr’








A’ = 2π(100)(3)
Usual Steps for Related Rates:  Get an equation relating the two variables.  Take a derivative of both sides with respect to time.  Plug in the given values and rates.
8. All of the following applies to the example above:
a) Consider the equation A = πr2 relating our two variables of interest.  In the situation we are modeling, r is not really like what we think of as the “x” variable.  Why is that? 
b) Where did the r’ come from when we took the derivative of the right side?

c) The radius is increasing at a constant rate.  Is the area of the circle increasing at a constant rate as well?  Explain or provide an example.
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Ex 1 (Right Triangle Problem):  A balloon is rising vertically at 3 ft/sec as an observer watches 500 ft from the launch site.  At what rate is a) the distance between the observer and the balloon & b) the angle between the observer and the balloon changing at the moment the balloon has risen 100 feet?
Approach:  Draw a diagram & label moving parts with variables.  Determine what you want and what you are given in terms of your variables.  Get an equation relating the variables, take the derivative of both sides, plug in values.

a) Given A’ & want C’ when A = 100

b) Given A’ & want θ’ when A=100
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A2 + 5002 = C2 



    * **


                 2AA’   = 2CC’


 2(100)(3) = 2(509.9)C’  (*)



C’ = .588 ft/sec    








*where did the 3 & 509.9 come from?
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  general diagram
       when A = 100
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Ex 2 (Cone Problem):  Sand is being added to a cone shaped pile at the rate of 10 ft3 per second.  The height of the cone is always twice the radius.  At what rate is the height changing when the volume is 300 ft3?


Given V’ & want h’ (so get an equation involving V & h) 

         *
V = 1/3πr2h & h = 2r, so we can substitute to get V = 1/3π (h/2)2h, or

      **
V = 1/12πh3  
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V’ = 3/12πh2h’  
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 10 = 3/12π(10.464)
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h’ 
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h’ = .116 ft/sec 
  * A common error is to substitute 300 for V at this point.  What’s wrong with that?

** Where did the 10.464 come from?
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1. The volume of a sphere is given by V = 4/3πr3.  A balloon is being inflated at the rate of 10 cm3/sec.  At what rate is the radius increasing when the volume is 1000 cm3.  Does the radius increase more and more quickly or less and less quickly as time passes?  Explain.

2. The volume of a cylinder is given by V = πr2h.  
a) Write an equation relating V’ to h’ when r is constant?  
b) Write an equaiton relating V’ to h’ and r’ when both r & h are changing with time.  
c) In some ways the notation dV/dt is better than V’ in this example.  Why is that?
3. The length of a rectangle is increasing 2 cm/sec and the width is decreasing .5 cm/sec.  Find the rate of change of each of the following when length = 8 cm & width = 5 cm.

a) area



b) perimetere


c) length of the diagonal

4. Consider a square based box.  The length of the base of the box is growing at the rate of 2 cm/sec & the height is growing at the rate 3 cm/sec.  At what rate is the volume changing when the length of the base is 10 cm and the volume of the box is 90 cm3?

5. A 13 foot ladder is sliding down the wall.  When the base of the ladder is 10 feet from the wall the base is sliding away from the wall at 5 ft/sec.
a) How fast is the top of the ladder sliding down the wall at that moment?

b) At what rate is the angle t changing at that moment?

c) At what rate is the area of the triangle changing at that moment? 

[image: image29.emf]
6. Ray Ray is rising vertically at the rate of 2 ft/sec in his “helium rocket”.  When he is 50 feet above ground his son (Ray Ray Jr.) passes underneath on a bike going 15 ft/sec.  How quickly is the distance between the bike and the balloon changing 3 seconds after the bike passes under the balloon?
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7. The highway patrol flies 2 miles directly above the calculus highway at 100 mph.  The officer gets an oncoming car on radar at 160 mph (this means the distance between the car & the plane is decreasing at 160 mph).  
a) 
What was the speed of the car if the plane was 10 miles from the car when the radar read 160 mph?

b) 
What was the speed of the car if the plane was directly overhead when the radar read 160 mph?

8. If the radius of a circle is expanding at a constant rate, will the circumference also?

9. If the radius of a circle is expanding at a constant rate, will the area also? 

10. If the side of a cube is increasing at a constant rate, will the volume also?




The Candy Dish Problem
You intend to make your teacher a candy dish.  A simple design involves cutting squares of equal size from the four corners of an 8.5 by 11 inch sheet of paper.  For obvious reasons, you would like to create a candy dish capable of holding the greatest possible amount of candy.
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Predict the Outcome

How does the cut length affect the shape of the box?  Will the size of the squares cut out have any affect on the amount of candy the dish can hold?

Procedure

Working in your group, construct a total of 3 open-topped boxes using the assigned lengths of cuts.  For each box constructed, calculate the total volume and estimate how many M&M’s each will hold.  Then answer the questions that follow on the back of the handout or on separate paper.

Data Collection

	Trial #
	Length of Cut
	Dimensions of Base
	Area of Base
	Volume of Box
	Estimated # of M&Ms

	1
	
	
	
	
	

	2
	
	
	
	
	

	3
	
	
	
	
	


Analysis

1. Which cut length yielded the greatest volume?  Why do you think that is?  What cut length should you use to create the largest possible volume (I need a very accurate value for this – show work or explain your method).  

2.  What is the maximum number of M&Ms that a box made this way could hold?

3.  What was the surface area of each of your boxes (area of the paper used).  How is it that less paper can make a bigger box?
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Person A starts at the corner and walks to the left at 2 ft/sec.  Person B is attached to A with a 20 foot rope and is pulled towards the corner along the indicated line.  

a) Use a well known theorem to find the positions of person A and B at the times shown in the table.

	Time (sec)
	5 sec
	6
	7
	8
	9

	Person A: distance from corner (ft)
	10 ft
	
	
	
	

	Person B: distance from corner (ft)
	
	
	
	12 ft
	


b) Plot the positions of person A & B on the diagram below (t = 5 is already done for you).  Label the time for each point.
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Complete the follow up questions on the next page. 
1. Suppose the 20 foot rope is replaced by a 30 foot rope.

a)
When person B is 1.5 feet from the corner how far will person A be from the corner?  Draw a quick diagram illustrating these distances.

b)  
Find an expression for B’(t), the velocity of person B.  Make a quick diagram illustrating the relationship between A(t) & B(t).

c)  
Use your work above to find person B’s velocity when they are 1.5 feet from the corner.  Convert your answer to miles/hour (5,280 ft/mile).  Do you think person B can run that fast?

d)  
Will person A and B ever have the same velocity?  If so what will their positions be when they have the same velocity?

e)  
How long will it take for person B to reach the corner (assuming person A started at the corner)?  What will person B’s average velocity be on their trip to the corner?

c) What are the average velocities for each person from t = 5  to t = 7 and from t = 7 to t = 9?

d) What is the velocity of person B at the moment when B is 2 ft from the corner?  Is this walking, running, or driving speed?
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1a)   
	R (ft)
	10
	20
	30
	40

	B (ft)
	80
	60
	40
	20

	Area (ft2)
	800
	1,200
	1,200
	800


b) Anything less than 50 ft (otherwise no fencing left for the side opposite the river).

    No minimum area (use B = 99.9 or R = 49.99 for example to get very small area).

c) The slope or derivative is zero.  

    A = R(100 – 2R) or y = x(100-2x) or y = 100x – 2x2
    y ‘ = 100 – 4x so at the vertex 0 = 100 – 4x so x = 25 & y = 25(50) = 1,250

Page 2 Answers
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2.  a)   89.5 ft   We are interested in a perimeter and are given an area.  Get an equation for the perimeter, use the area information to substitute for one variable, then minimize.

Amount of Fence:  F = 2R + B              



       F = 2R + 1000/R  (Use:  BR = 1000 ft 
[image: image7.wmf]Þ

 B = 1000/R)



       F’ = 2 -1,000R-2   (Take a derivative & set to 0 to get min)
                                0 = 2 – 1,000/R2  

                    1,000/R2 = 2

                            500 = R2 
[image: image8.wmf]Þ

 R = 22.4 ft & F = 44.7 ft
b)  $219.09            C = 2R + 2R + 3B 
[image: image9.wmf]Þ

 C = 4R + 3(1000/R) 
[image: image10.wmf]Þ

0 = 4 – 3000R-2 

                                                                                          
[image: image11.wmf]Þ

R = 27.39 ft, C = $219.09
3. a) 3875.97 sq ft    (A = LW ;   $1,000 = 1.5L + 1.5L + 20W + 1.5W 


[image: image12.wmf]Þ

 A = L(1000-3L)/21.5  
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  A = 21,500A – 3/21.5 L2
 



[image: image14.wmf]Þ

  0 = 21,500 - .279 L

    b) $227.16 
         ( C = 21.5W + 3L; 200 = LW)
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 C = 21.5 ∙ 200/L + 3L
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 0 = - 4300 / L2 + 3  


[image: image17.wmf]Þ

 4300  = 3L2  

4. a)   119.27 ft2
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   b)  No & Yes (redo part a with a volume of 200 cm3)
5.     297.987 cm2     V = L2H ; A = 2L2 (top & bottom) + 4LH (4 sides)


     A = 2L2 + 4LH

                 A = 2L2 + 4L(350/L2)  (because V = L2H so H = 100/L2)

                 A = 2L2 + 1400/L 

     A’ = 4L – 1400/L2 
[image: image19.wmf]Þ

 0 = 4L – 1400/L2 
[image: image20.wmf]Þ

 L = 7.047, A = 297.987 
6.  5,884.528 ft2
7.  Walk 964.645 ft then swim diagonally across.
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8a) We are thinking of r as a function of time, so in this case, time is what we usually

       think of as “like” the x variable.

  b) Again, r is a function of time (or a mess).  So the r’ is just the mess’ from the chain

      rule when taking a derivative with respect to time.

  c) It is not.  A’ = 2πrr’, so A is growing more quickly when r is bigger:


r’=5, r = 1  
[image: image21.wmf]Þ

 A’ = 10π; r’=5, r = 3 
[image: image22.wmf]Þ

A’ = 30π
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 * � EMBED Equation.3  ���


   � EMBED Equation.3  ���


   � EMBED Equation.3  ���


   � EMBED Equation.3  ���


   = .00577 rad/sec


*why not use � EMBED Equation.3  ���
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