Honors Calculus
   
Formulas for the Derivative           
 page 3-1 solutions
We would like to have a formula for the derivative of a function like f(x) = x3.  The plan is to create a graph of f ‘(x) & try to “guess” the equation for the graph.  If we guess correctly then we have a formula for f ‘(x).  The instructions below will be needed for questions 1.



Making a Scatter Plot on the Calculator

Set up the plot:
Choose 2nd y = , 1 to set up plot 1.  Turn the plot to on, and choose a scatter plot using L1 and L2.

Enter the data:  enter x values in L1 and y values (f ‘(x) in this case) in L2 using stat edit.

Plot the data:  
Zoom 9 will get you a good window for your plot.  

Check Fit:
To check how well a curve fits the plot, enter your curve as Y1, zoom 9, and see if the curve goes through the points.

1a)  Consider the function f(x) = x3 shown below.  Complete the table (use dy/dx on calculator), make a scatter plot on the calculator using the instructions above, and sketch the results below.  Label your axis x & f ‘(x).
	x
	f ’(x)

	-4
	

	-2
	

	0
	

	1
	

	2
	

	4
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b)  Does your plot of f ‘(x) in part a) show f ‘ (x) as positive (above the x-axis) where it should be?  Briefly explain.
c)  Can you find a formula for f ‘(x) based on your plot?  Graph your formula to see if it goes through the points on your plot.
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2a)  Consider the function f(x) = x4 shown below.  Complete the table (use dy/dx on calculator), make a scatter plot on the calculator, and sketch the graph below.  Label your axis x & f ‘(x).

	x
	f ’(x)

	-4
	

	-2
	

	0
	

	1
	

	2
	

	4
	


[image: image77.emf]x^2 + y^2 = 1




x^2 + y^2 = 1


b)  Is the graph of the derivative in part a) positive (above the x-axis) where it should be?  Briefly explain.

c)  Can you find a formula for f ‘(x) based on the plot?  Hint:  Use regression to have the calculator find a formula (stat calc menu).  How can you check your formula?
3. Can you guess formulas for f ‘(x) by looking at the relationships between the formulas for f & f ‘ in questions 1 & 2?  Check your formula for a few values using dy/dx on the calculator.
a) f(x) = 2x5

b) f(x) = x-3

c) 
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The power, product, and quotient rules for derivatives must be memorized and will continue to come up throughout the year.
Power:  y = 3x7 
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 y’ = 21x6; d/dx(axp) = a∙pxp-1(p can be negative, decimal, or fraction) 
tricks: 
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Product: d/dx (AB) = AB’ + BA’


  
Quotient: 
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Sum: d/dx (A+B) = A’ + B’ 


*Note:  It would be nice if (AB)’ was A’B’.  It isn’t.  You have to use the product rule.

4:  Find the derivative for each of the following (simplify your answer):

a) 
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c) 
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d) 
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 (see the shortcut?)
e) 
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(use two methods)
f) 
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g) Find y’(3) if y = x2f(x), y(3) = 5, and y’(3) = -1.

h) Ray Ray says if y = (3x – 7)(x2 – 2x), then y ‘ = 3∙(x2 – 2x).  What is Ray Ray thinking, and what is wrong with his thinking?
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A few important definitions we have seen, along with a new one for instantaneous acceleration are shown below.  Acceleration measures the rate of change in your velocity.

Definitions:  
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          Instantaneous velocity:   Derivative or slope  of the Position Curve

         Instantaneous acceleration:  Derivative or slope  of the Velocity Curve 

Note:  Inst. acc. can also be thought of as the 2nd derivative of the position function.
5. Your position in miles on the calculus highway t hours after noon is shown below:

	t (hrs)
	0.5
	1
	1.5
	2
	2.5
	3
	3.5
	4

	S (miles)
	2.5
	4
	4.5
	4
	2.5
	0
	-3.5
	-8


a) Estimate your velocity at time 2 (include units)
b) Find an equation for your position function using regression.  What is your exact velocity at time 2?  When will your velocity be 3 miles per hour?  Show work or explain. 
c) Fill out the table showing your velocity at different times.  Is your velocity decreasing at:  a constant rate, a decreasing rate, or an increasing rate?  Briefly explain. 
	t (hrs)
	1
	2
	3
	4

	V (mph)
	
	
	
	


d) Find a formula for instantaneous acceleration using derivatives?  How does this compare with your answer to part c)?

e)  When did you turn around on the highway?  Does either table support your answer?
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6. The position function of an object traveling on the number line below is given by        S = -t3 + 4t2 – 3t.  The graph of the position function and the velocity function are shown at the bottom of the page.

W ______-2________-1________0________1__________2__________E

a) Mark the points on the position graph where the object turned around.  Use the calculator to get the coordinates.

b) Mark the vertex of the velocity curve.  Explain why this does not correspond to a time when the object changed direction.  What direction is the object headed at this time?

c) Write an equation to find the x-intercepts of the velocity graph and solve (calculator ok).  What is the significance of the x-intercepts of this velocity curve?

d) When was the object at mile 2?  When was the velocity -1 mph?  What are two methods for finding the velocity at time 3?  Write an equation and solve (calculator ok).
e) Mark the point on each graph where the acceleration is 0.  What does it mean if the acceleration is zero?
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Recall that a tangent line to a curve can be thought of as picking a point on the curve and then extending a line that has the same slope as the curve at that point.  We now have some additional tools at our disposal for investigating tangent lines.

7. A graph of a curve with a tangent line is shown in the picture below.
a) Find an equation for the tangent line.  No estimation.  Show work.  This is a very common & recurring question in which the point slope form for a line is handy (I won’t hold it against you if you’re a slope-intercept person):




y – yo = m(x – xo)

b) What are the coordinates for point B?  No estimation.  Show work.

[image: image80.emf]time (sec)


position (ft)




time (sec)

position (ft)

 

c) Draw and find the equation for the tangent lines to the curve at (decimal estimate ok).
 i) x = 0 

and 


ii) 
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8. You can graph the derivative of a function on the calculator using nderiv (math menu).  Graph the derivative of y = sin(x) by using Y1 = nderiv(sin(x),x,x).  Please make sure you are in radian mode.  

a) If y = sin(x), what do you think is the formula for y’?  Check by graphing your answer as Y2 & making sure that it matches the graph of Y1.

If Y = sin(x), then  Y’ = ___________
b) Any theories for the derivative of y = cos(x)?  Test your theory using nderiv.

If Y = cos(x), then Y’ = ___________
c) Find a formula for 
[image: image15.wmf](tan())
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.  You can do this without using a calculator.
9. Find the derivatives of each of the following functions:

a)  f(t) = 3sin(t)

b)  g(t) = 
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c) y = -3cos(x) + 5sec(x) + 
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d)  y = x2sin(x)

e)  
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f) f(x) = 2cos(x)sin(x)
10.  Make a quick sketch of the graph of y = 2cos(x) - 3 and the tangent line to the graph at x=
[image: image19.wmf]3

p

.  Find the equation of the tangent line at x =
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 (exact values - point slope form is acceptable).
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We already know how to get a formula for the slope of functions like f(x) = cos(x) and g(x) = 2x.  It would be nice if we could do the same with the composition of these two functions (just as we can with products or quotients).

11. Consider the function y = cos(2x).  You can graph the derivative, y’ using:

 Y1 = nderiv(cos(2x),x,x))     (nderiv is math 8)

a) Your job is to enter something as Y2 that matches your graph of Y1 above (i.e. to find a formula for the derivative of y = cos(2x).  Write your formula for the derivative after you have succesfully found a match.




Y = cos(2x)




Y ‘ = 

b) Repeat the process in question 1 to find a derivative for the function y = sin(x2).  Record your guesses for the derivative in the table below, indicating whether they were succesful matches or not.
	Guess
	Success or Failure?

	y’ = 
	

	y’ =
	

	y’ =
	

	y’ =
	


12. Find a formula for y’ for each of the following.  Check your answer using nderiv.

a) y = cos(3x-5)




b)  b)  cos(3x2)



c) y = (sin(x) + 5)3




d) 
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Chain Rule:  The chain rule is really a very simple procedure that allows you to take derivatives of  functions like y = sin(3x + 5).  Just think of the 3x + 5 as being a mess:

y = sin(x)   

[image: image22.wmf]Þ

     y ‘ = cos(x)


y = sin(mess)   
[image: image23.wmf]Þ

    y’ = cos(mess)∙mess’   
[image: image24.wmf]Þ

    y’=cos(3x + 5)∙3
There is nothing special about using y = sin(mess).  The same idea works with any other function.  Do what you would normally do to take the derivative & multiply by mess’.  
A summary of the derivatives that we will be using throughout the year is shown below.  These rules will come up frequently throughout the rest of the course.  It is essential that you are able to apply these rules with little or no thought.
Power:  y = 3x7
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Exponential:  y = 3ex 
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Chain Rule Versions
Trig:
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Ln: 

[image: image36.wmf]1

ln()'

yxy

x

=Þ=






[image: image37.wmf]1

(ln())'

d

messmess

dxmess

=×


Product: 
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Quotient: 
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Many times more than one rule applies.  First determine if the expression is a product or quotient & use the appropriate rule.  Use the chain rule only when you are forced to.  To find d/dx(cos(x)(3x + 1)7) you begin by using the product rule, and use the chain rule to find the B’ piece of the product rule.
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Most often we see a relation between x & y written as y = blah blah blah involving x.  Our rules for derivatives are set up to handle this type of relation.  

13. The graph of the relation x2 + y2 = 1 is the circle shown below.  Find a formula for the slope at a point on the graph.  What should your formula give you for the slope at x = 0?  Does it?  What should your formula give you for the slope at x = 1?  Does it?
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Implicit Differentiation:  Sadly we are not always able to write y as a function of x like we did above.  In this case you need to use implicit differentiation.  The idea is to take the derivative of both sides of the equation and isolate the y’.  When we see a y, we should think “mess” and use the chain rule.  Y really is a mess; it is some sort of formula involving x (we just don’t know what the formula is).
Ex 1:  Find the slope of the curve x3 + 2xy = y2 -2 at the point (1,3).



  x3 + 2xy = y2 -2



3x2 + (2xy’ + 2y) = 2yy’             (derivative of both sides) 
                                 2xy’ – 2yy’ = -3x2 – 2y     (y’ terms to one side)
                                 y’(2x – 2y) = -3x2 – 2y      (factor out y’ & divide)
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 ; at (1,3) y’ = (-3-6)/(2-6) = 2.25

Note: a common mistake is to think the derivative of y is yy’.  It isn’t.  It is just y’.
 14. Find the equation of the tangent line at the indicated point.  Are there any points where the slope of the tangent line is undefined?
a) x2 + xy – y2 = 11; (3,1)


b) 6x2 + 3xy + 2y2 + 17y = 19; (0,1)
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15. Solve each of the following equations (if possible):

a) 5 = e2x - 1 



b) 
[image: image43.wmf]2119
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c) 2sin(x) + 3 = 4

16.  What do each of the following mean?

a) sin-1(.5)



b) arccos(
[image: image44.wmf]3
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c) tan-1(x)

17. Draw a right triangle and label it in such a way that sin(θ) = x.  Use your drawing to find an expression for the value of cos(sin-1(x)).  

18. Write x as a function of y in each of the following:

a) y = 3e2x


b) y = 2arctan(x) – 1


c) y = 2ln(x + 1)


19. Consider the equation y = arcsin(x).  Write x as a function of y & use implicit differentiation to find a formula for y’.

Honors Calculus

Derivative Rules  (HW)


Name:


1.  Find a derivative for each, or explain why our derivative rules don’t apply.

a)  y = (2x + 5)97            b)  y = sin(2x + 3)         c)  y = 2x97 + 597         d)  sin(2x) + 3  

e) y = 2sin(x) + 3
   f) 
[image: image45.wmf]3
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     g) y = 97x 

2.  Find the derivative of each of the following:

a)  y = sin(x)
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b)  f(x) = cos(x)sin(x)

c)  f(x) = (x2 + 3x + e) 
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d)  g(x) = cos(x)cos(x)
e)  y = cos(x) 
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f) g(t) = sin(t)cos(t)sin(t)

3. Give a value of x where the tangent line to the graph of 
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 is horizontal?  Show your work or explain how you got your answer.

4.  Find the derivative of each of the following (occasionally you can use a trick to avoid the quotient rule):

a)  y = 
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b)  y = 
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c)  f(x) = 
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d)  g(t) = 
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e)  y = 3cos(x)
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g)  f(x) = (3x5+1)
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h) f(w) = 
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5. Find the derivative of each of the following:
a) y = (3x – 1)97


b) y = xsin(x)


c) y = (x3 + 4)8



d) y = tan(x-π)



e) y = 5cos3(x)


f) 
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g) 
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h) y = sin3(2x)


i) y = sin(π2)

j) y = sin2(x) + cos2(x)

k) y = cos(x)sin(2x)

l) y = sin2(π)

6. Need Some Implicit Problems
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Name:
1. Find y’ for each of the following:

a) 
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b) 
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2. Find the equation of the tangent line at x = 1 for problem 1a.

3. The velocity curve for an object is shown below.

[image: image82.emf]x
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a) Was the object moving left, right, or stationary at time 5.5?

b) Describe the motion of the object (give direction and

whether speed is increasing or decreasing).

c) Sketch the position function or acceleration function (your choice).

4. The position function of an object is given by S(t) = 1.5t3 + 2.5t2 – 3t

a) Find a formula for velocity and acceleration.

b) When does the object change directions (no calculator)?

c) Find the velocity when the acceleration is 0.

d) How far does the object travel between the first and second direction change?
Honors Calculus

Derivatives & Velocity Review

Name:

Section 3.3

1. Power Rule Tricks (square roots, negative exponents, “splitting” a fraction). #18, #32

2. Memorize the Quotient & Product Rule.  Recognize that you may be able to avoid the Quotient or Product rule by putting your function in a different form. #16-19, 21,31

3. Find a derivative when given values or a graph instead of a formula. #23

4. Find the equation of a tangent line. #27

Section 3.4

1. If S is position, then S’ is velocity, and S’’ is acceleration.

2. Know what each feature means for a graph of position & a graph of velocity:

	
	x-intercept
	Above the x-axis.
	Relative Min/Max
	Linear (+ slope)
	Horizontal

	Position vs Time Graph
	
	
	
	
	

	Velocity vs Time Graph
	
	
	
	
	


3. Use calculus and algebra to find the times when an object reaches maximum height, changes directions, is stationary, etc. (generally involves setting velocity to 0).  You may then graph on the calculator to determine the direction the object is traveling at a particular time.

4. Know how to use the min, max, and intersection features of your calculator to check your work.

Look at problems #9 – 13, 18, 19,21

Honors Calculus

3.5, 3.6, & 3.7  Review


Name:

Useful information:

sin2(x) + cos2(x) = 1; sec(x) = 1/cos(x); csc(x) = 1/sin(x) 

sin3(x) means [sin(x)]3 (think mess3); for sin(x2) think sin(mess)
horizontal tangent at a point means the derivative is zero at that point.

Advice

Very easy derivative problems can be done with just power & trig rules – x3, sin(x),etc.

Next see if the expression is a product or quotient – 3xsin(x2),  sin3(2x)/x, etc.

Lastly, check to see if the chain/mess rule applies – mess3, sin(mess), etc. 

Rules:  
 Power:  d/dx(axp) = a∙pxp-1



Trig: d/dx(5sin(x) = 5cos(x);  d/dx(2cos(x)) = -2sin(x);  d/dx(2tan(x)) = 2sec2(x)

	Chain: d/dx(f(g(x)) = f ’(g(x))∙g’(x)

	d/dx(2cos3(x)) = 6cos2(x)∙-sin(x) or -6sin(x)cos2(x)

	d/dx(3sin(x2))=3cos(x2)∙2x or 6xcos(x2)

	d/dx(-2cos(x2))=2sin(x2)∙2x or 4xsin(x2)


Product: d/dx (AB) = AB’ + BA’


Quotient: 
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Implicit: Take the derivative of both sides.  Usually put all the y’ terms on one side, factor, and divide.  

3.5: Problems #6, 8, 14, 27

3.6: Problems #1, 2, 4, 5, 13, 15, 21, 22, 24, 56a-g

3.7: Consider the curve given by the equation:   x2 + 4y2 = 7 + 3xy.

a) Show that 
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b) Find the equation for the tangent line to the curve at (2,1).   

     Answer: y-1 = -0.5(x-2)

c)  Show that there is a point with an x-coordinate of 3 meeting the two conditions:

i) the point is on the curve 

ii) the tangent to the curve is horizontal at the point 

Answers:

     6) 3 + xsec2(x) + sec(x)  
8) (1 + cos(x) + xsin(x))/(1 + cos(x))2
  

    14a) v = 4sin(t); a=4cos(t) 14b) v=3.83, a=2.83 14c) high of 5m, low of -3m, 6.28 sec

            to repeat cycle

      27) show that y’(0) = 0; if y = cos(x) then y’ = -sin(x) & y’(0) = -sin(0) =0.
     2) y’ = -5cos(7-5x)  4) y’ = sec2(2x-x3)(2-3x2) 5) simplify to get given answer

     13) y’ = -2(x+x.5)-3(1+.5x-.5)    15) y’= -5sin-6(x)cos(x) + 3cos2(x)sin(x)

     21) y’ = 6sin(3x-2)
 22) y = 2(1+cos(2x))(sin(2x)∙-2) = -4sin(2x)(1+cos(2x)) dbl mess

    24) y’ = .5(tan(5x))-.5(sec2(5x)∙5) = 2.5(tan(5x))-.5sec2(5x) dbl mess

    56) plug  values into a) 2f ’
  b) f ’ + g’   c) fg’ + gf ’   d) (gf ’ – fg’)/g2    

         e) f ‘(g(x)) ∙g ‘(x)  f) .5f-.5∙f ’ (think mess to the .5) g) -2g-3(x)∙g’(x) (think mess-2)

NEED AN EXPONENTIAL & LN INTRO
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	x
	f ’(x)

	-4
	48

	-2
	12
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	12
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	48


  b) Yes, the slope of the original graph is always greater than or equal to 0, so the graph of the derivative is always on or above the x-axis.

c)   f ’(x) = 3x2 & it does go through the points.
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	x
	f ’(x)

	-4
	-256

	-2
	-32

	0
	0

	1
	4

	2
	32

	4
	256


[image: image84.emf]-3


-2


-1


1


2


3


4


-10


10


20


30


40


50


x


y


f ' (x)




-3 -2 -1 1 2 3 4

-10

10

20

30

40

50

x

y

f ' (x)

2.  a)  






b) 
Yes, the slope of the original graph is positive when x > 0 & the graph of the derivative is above the x-axis when x > 0.

c)
f ‘(x) = 4x3  (use stat calc cubicreg as the graph of f ‘ appears to be a cubic).

3. a) f ‘(x) = 10x4

                   b) f ‘(x) = -3x-4 


    c) f ‘(x) = -6x-4 because f(x) = 2x-3      d) f ‘(x) = .5x-.5 because f(x) = x.5
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4a) y’ = -6x-3

b) y’ = .5x-.5 – 3x-2    

   c) 
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   d)  y’ = 1 (split fraction to get y = x - 3)

   e) y’ = 6x2 + – 6x + 10 (either distribute & then find y’ or use the product rule)  

   f) 
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   g) 
Ray Ray failed to use the product rule.  Sadly, Ray Ray would not get any partial credit for this answer.
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5.  a) -2 miles/hr (2.5-4.5)/(2.5 -1.5)

     b)  S(t) = -2t2 + 6t (clearly quadratic from scatter plot so use quadratic regression).

          V(t) = -4t + 6 (velocity is the derivative of position), so V(2) = -2 miles/hr
           Velocity is 3 mph at time 0.75 (plug 3 in for V & solve 3 = -4t + 6)

     c)  Constant:  velocity is decreasing 4 miles per hour each hour.

	t (hrs)
	1
	2
	3
	4

	V (mph)
	2
	-2
	-6
	-10


   d) a(t) = - 4 because acceleration is the rate of change (or derivative) of velocity.  Our acceleration formula makes sense because we saw in part c that velocity is decreasing at a constant rate of -4 mph.

   e) 
At t = 1.5 (velocity was 0 when I turned around so solve 0 = -4t + 6 & confirm that velocity changed from + to – at time 1.5)
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6.  a) 
Notice that the slope of the position graph is 0 where the object turned around.  You can’t turn around without slowing down & stopping for an instant.

            (use 2nd calc min & max to get vertices)
[image: image85.emf]x
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b) The velocity is positive at the vertex (
[image: image66.wmf]»

2.5 mile/hour), so the object is headed E.

c) V(t) = -3t2 + 8t – 3, the x-intercepts are x = .451 & x = 2.215 (use 2nd calc zero).  These are the times that the object turned around.  Notice that these x-intercepts correspond to the mins & maxes in part a).  

d) 
t = -.414, 2, & 2.414 (Solve 2 = -t3 +4t2-3t using intersection method: graph Y1 = -t3 + 4t2 – 3t & Y2 = 2 & use 2nd calc intersect)

t = .279 & 2.39 (solve -1 = -3t2 + 8t – 3 using intersection method)


Velocity at time 3 is -6 mph (plug 3 into velocity function or graph postion & use dy/dx)
e)   If the acceleration is 0, then the velocity is constant.  This means that the position graph looks like a line (which it does at the marked point) or the velocity graph is horizontal (which it is at the marked point).
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7. a) y - .5 = .5(x – 1); y-coordinate of the point on the line is y(1) = .5;

                            slope of line is y’(1) = .5

     b) (2,1); substitute 1 for y in the equation for the line & solve for x.

    c) y – 1 = -x ; y = 1.544 (slope is zero for this line)
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8a) y’ = cos(x)

  b) y’ = -sin(x)

  c) 
[image: image67.wmf])
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 or sec2(x);  Use the quotient rule on sin(x)/cos(x) & sin2(x) + cos2(x) = 1 

9a) f’(t) = 3cos(t)  

b) g’(t) = 
[image: image68.wmf])
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  (no Quotient rule, why?) 


   c) y’ = 3sin(x) + 
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  (need Q. Rule)
d) y’ = x2cos(x) + sin(x)(2x)
   e) 
[image: image70.wmf]2
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f) f ‘(x) = 2cos2(x) – 2 sin2(x)
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11a) y’ = -2sin(2x)
      b) y’ = cos(x2)∙2x

      c)  The limit exists but is not equal to the value of the function, so equality to determine continuity doesn’t  hold (3 
[image: image72.wmf]¹

 4)..

12.
a) y’ = -3sin(3x -5)


b) y’ = .5(x2 + 1)-.5∙2x




c) y’ = 3(sin(x) + 5)2∙cos(x)

d) y’ = 5sin4(x)cos(x)
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13. y’ = .5(1-x2)-.5(2x) = x(1-x2)-.5=
[image: image73.wmf]5
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        Slope at x = 0 is horizontal so formula should give 0 & it does; 

        Slope & x = 1 is vertical so formula should give DNE & does (zero in denominator)

14. a)  
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15. a) x = ln(6)/2
b) x = 26
c) x = π/6, 5π/6, etc.

16. a) an angle between -π/2 & π/2 with a sine value of .5

         b) an angle between 0 & π with a cosine value of 3.5/2

         c) an angle between -π/2 & π/2 with a tan value of x
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