Honors Calculus
Using Rates to get a Change in Amount
page 6-1 solutions
You could argue that there are really only two important ideas in this entire course.  One of the ideas is that we can measure the “slope” of a curve at a point and often think of this slope as an instantaneous rate (ft/sec for example).  The other idea involves the graph of a “rate” function and the area between the curve and the x-axis.

1. 
In a moment of carelessness a motorist has accidentally set the cruise control to 75 mph.  The motorist continues for 1.5 hours; parks the car by the side of the road for 30 minutes for unknown reasons; and then continues their journey for another hour with the cruise control now set at 65 mph.  Sketch a graph of speed vs time below.  What is the area between the graph & the x-axis?  What does this area represent (think about the units)?
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2.
 The rate of snowfall as a function of time is shown in the graph below.  Would it make more sense to name the graphed function S(t) or S’(t)? 
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a)  Is the snow falling more or less heavily as time
     passes?  Explain.

b) Estimate the area between the curve and 
    the x-axis between times 3 & 4.  Why does 
    it make sense that this area corresponds to
    the amount of snow fall between time 3 & 4?
c) About how much snow fell during the middle 4 hours of the storm?  Explain.

Honors Calculus        LRAM, RRAM, and MRAM (Riemann Sums)    page 6-2 solutions
Rates & Change in Amount:  If you have a graph of a positive rate function, then the area between the graph and the x-axis over a time interval is the change in amount during that time period.  The question then becomes how to calculate or estimate the area of the region.  One approach is to “chop” the region up into several rectangles of the same width.  You will get a “good” estimate if you use enough rectangles (see online demo).
Ex 1:  Your velocity at time t is given by V(t) = ln(t-1)+1.  Use LRAM, RRAM, & MRAM (Left, Right, & Midpoint Rectangle Approximation Method) with 3 rectangles to estimate the change in position between times 2 & 8. 
Separate the region into 3 rectangles of equal width.  Three possibilities for the height of the rectangle are the value of the function on the left side of the interval, the right side, or the middle. 
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          MRAM
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      2(1) + 2(2.1) + 2(2.6)  
     2(2.1) + 2(2.6) + 2(3.0)  
         2(1.7) + 2(2.4) + 2(2.8)

11.4 ft



     15.4 ft



13.8 ft

Note: The units in the above calculations were (sec)∙(ft/sec) or ft, so it makes sense that the area between the curve and the x-axis is change in position or distance.
3. Which methods in Ex 1 produced an over estimate for the distance traveled?
4. Draw a curve that would result in an over estimate if you used LRAM.

Honors Calculus


The Definite Integral

page 6-3 solutions
We have been using LRAM & RRAM to estimate the area between a curve and the x-axis.  We area know going to introduce integral notation to represent these areas.  






Definite Integrals
The shaded region along with the definite integral that represents this area between the curve and the x-axis is shown below. 
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The lower limit, upper limit, and integrand for the definite integral are 2, 5, and x2 - 4 respectively.  The dx simply means that x is a variable (as opposed to a constant).   You could argue that the dx really serves no purpose in nearly every example that we will see as it will be abudantly clear what is serving as the variable.
5a) See if you can get your calculator to look like the graph above & find the area of the region (you will need to use something in the calc menu).  Write the key strokes below (you should get 27 square units).

b) Clear your screen using 2nd, draw, clrdraw.  Evaluate the integral below using the calculator & make a sketch of the corresponding region.  Why do you think you are getting a negative value? 
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c) Evaluate, sketch and compare with the integrals with parts a) & b).  Any conclusions?
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Honors Calculus

Properties of Integrals


  page 6-4 solutions
6. There area two pipes that pump water in or out of a tank of water.  f(t) & g(t) give the rate of flow for each of the pipes in gallons per minute.  Which of the following equations are valid?  Explain by giving the real world meaning for each term in the equation.
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[image: image5.wmf]255

020

()()()

ftdtftdtftdt

+=

òòò



 

 ii) 
[image: image6.wmf]555

222

()()()()

ftdtgtdtftgtdt

+=+

òòò


iii) 
[image: image7.wmf]55

22

2()2()

ftdtftdt

=

òò





Properties of Integrals:  Several properties are shown below.  Property 1 basically says that if you gained 10 gallons going forward in time (say time 1 to 3), then you would have lost 10 gallons going “backwards” in time (time 3 to time 1).
Order of Integration:  
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Constant Multiple:     
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Sum & Difference:    
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Additivity: 
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Honors Calculus

The Average Value of a Function
page 6-5 solutions
[image: image104.jpg]


7.
The rate (hundereds per hour) that people are entering a party (calculus festivus 09) is shown in the graph to the right. 

a) 
The average rate of entry during the two hours must be somewhere between 100 & 300 people per hour.  Why?  Would you guess that the average rate is more or less than 200 ppl/hr?  Explain. 
b) What is the average value for the rate (otherwise know as the average rate) at which people enter the party during the first 2 hours?  Show work or explain.
Ex 2 (Average Value of a Function):  We do not need to restrict ourselves to a rate functions in order to talk about an “average value” for the function.  The following expression will give us the average value for h(t), shown below, on the interval [0,4].
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Imagine the graph below as the side view of a 4 foot wide fish tank with the curve being the water level.   When the wave calms down, we will see a rectangle of the same area.  We want the height of this rectangle.  Think of the expression above as finding the average “height” by dividing the area of the region by the width.
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8.  All of the following refer to Ex 2.

a) Is h(t) ever equal to its average value on the interval [0,4]?  If so, for what value of t? 

b) If h(t) were a velocity function what would the average value on [0,4] represent?

c) Write a formula for the average value of h(t) on the general interval [a,b].
Honors Calculus
 The 1st Fundamental Theorem of Calculus
 page 6-6 solutions
1st FTC (informal):  The 1st fundamental theorem of calculus states that you can find the net change in amount (gallons of water, displacement in miles, etc) between t = 1 & t = 4 by two methods:


* use the rate function, say f(t), and integrate between time 1 & 4

* use the amount function, say F(t), & subtract the amounts at times 4 and 1
1st FTC (formal):   
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 where f(t) is the derivative of F(t)
Note: Here we think of f(t) as being a rate or derivative (velocity, gallons/min) and F(t) as being the amount function (position, gallons).  F(t) is the “anti-derivative” of f(t) (i.e. something whose derivative is f(t)).

Ex 3 (1st FTC to Evaluate a Definite Integral):  The integral below was evaluated without a calulator.  Explain. 
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Imagine the integral as representing a change in amount between times 0 & 1.  Get an amount function.  Find the change in amount by plugging a 1 and a 0 into the amount function and subtracting the two values (that is what the vertical bar notation means).    

Note: The rate is an exponential plus a power, so the amount function must have started out as an exponential plus a power.  What has a derivative of 3ex?  Easy, 3ex.  What has a derivative of 2x5?  Focus on the power first (must have looked like __ x6). To make things work when you take a derivative, you need a 6 in the denominator to divide out the exponent & the 2 in the numerator that you want to end up with.
9.  An object’s velocity (ft/sec) is given by V(t) = t2 – 1.

a) 
Use the rate function to get the change in position from time 1 to time 4 (show a little work).

b)
With a little cleverness you can almost find the position function.  Give a possible position function & use it to find the change in position from time 1 to 4. 
c) 
Why do we need the “almost” in part b).  Would your answer to part b) change if you used a different possible amount function?  Explain.  Provide an example.
Honors Calculus
1st & 2nd Fundamental Theorem of Calculus
   page 6-7 solutions
The 2nd FTC is the complicated looking rule below that basically states that if you take an antiderivative, and then a derivative, you get right back to where you started.  One use is to find the derivative of a certain type of “strange” looking function.  Another use is to “cheat” when looking for an antiderivative.
2nd FTC:  If f(t) is continuous and we define
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      then the derivative of F(x) is just f(x).  Or, in other words, F’(x) = f(x).
2nd FTC (chain rule version example):  If f(t) is continuous and we define
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       then the derivative of F(x) is f(g(x))∙g’(x).  

Note: The value for the lower limit, a, plays no role in the theorem.  As an example for the chain rule version:  if g(x) = x2 -1 & f(t) = sin(t), then F’(x) = sin(x2-1)∙2x.

10. Consider the function F(x) defined below.  A) Find a value for F(5).  B) The 2nd FTC states that F’(x) = 3x5.  Prove that this is true using the 1st FTC (take an antiderivative).  In a way it is obvious that you will get F’(x) = 3x5.  Explain.


[image: image18.wmf]5

0

()3

x

Fxtdt

=

ò


[image: image106.emf]1


2


3


10


20


30


40


50


60


70


80


velocity (mph)


time (hrs)




1 2 3

10

20

30

40

50

60

70

80 velocity (mph)

time (hrs)

11.  v(t) is the velocity (mph) of an object moving on the x-axis graphed below. 
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 a) Find a value for F(3) and explain what it represents in terms of the object. 

b) Find a value for F’(3).
c) What is the objects acceleration when it changes direction?  Explain.
Honors Calculus

LRAM & RRAM (HW)

Name:

1. The table shows snowfall rates at different times.

	Time (hr)
	1
	2.5
	4
	5.5
	7

	Snowfall Rate (inch/hr)
	.5
	1.5
	1.91
	2.23
	2.5


a) 
Explain why the following is an  unreasonable estimate for the amount of snowfall between times 1 &7:


(1.5)(.5) + (1.5)(1.5) + (1.5)(1.91) + (1.5)(2.23) + (1.5)(2.5)




b) 
Use the values in the table and RRAM to get an estimate for the amount of snowfall between times 1 & 7.

c) 
The snowfall rate is given by the formula
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.  Estimate the area using LRAM and RRAM with 6 rectangles (show work).  Does the number of rectangles used have any affect on whether LRAM or RRAM will produce a larger estimate?  Explain.  Do you think that the LRAM & RRAM estimates will get closer together, farther apart, or can’t be determined as you use more and more rectangles? 

2. 
Your speeds during a bicycle race are recorded in the table below.  Use LRAM & RRAM to estimate the distance of the race.  What was your average speed?

	Time (min)
	0
	5
	10
	15
	20
	25
	30
	35
	40

	Velocity (ft/sec)
	0
	35
	15
	27
	39
	31
	28
	34
	41


3. 
You have dropped a large brick off of the Golden Gate Bridge.  The velocity of the brick at diffent times is shown in the table below:

	Time (hrs)
	0
	.0003
	.0006
	.0009
	.0012
	.0015
	.0018
	.0021

	Velocity (mph)
	0
	23.6
	47.1
	70.7
	94.3
	117.8
	141.4
	1.1


a) 
The last velocity entry is not a typo.  What is going on here?

b) 
Estimate the height of the bridge.

c) 
Suppose it took the brick about .002 hours to hit the water.  Does that mean it took about .001 hours to fall halfway to the water?
Honors Calculus

Definite Integral  (HW)

Name:

4.  Give a decimal estimate for each of the following if possible and sketch a graph (with a reasonable window) illustrating the meaning of the integral.

a) 
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5. Why does my calculator complain when I try to evaluate the integral for 2d?  Why are the values for some definite integrals positive and the values for others negative?

6. Would you get a positive value or a negative value for 
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?  Explain. 
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b) 
7.  Evaluate the integral for different upper limits.  Use the pattern in the table to find the value of the last integral in terms of the constant k.
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What is the relationship between the integrand (function being integrated) and your answer to the last entry of the table.

8. Suppose the graphs in question 3 show the rates that water is flowing into/draining out of tubs of water and are given by f(t) = |1.25t|-2 and f(t) = cos(2t).  Evaluate and explain the meaning of each definite integral in terms of time and water (be specific & be in radian mode).    

9. Graph the integrand and use area formulas to evaluate each of the following (use the calculator to check your answer):
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Honors Calculus
Properties, Avg. Value, 1st FTC  (HW)


Name:

10. Assume f & g area continuous and that 
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.  Find each of the following if possible:

a) 
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11. Find the average value of the function on the given interval.  At what point does the function attain it’s average value?  Decimal estimate o.k.

a) 
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b) f(t) = sin(t) on [0,4π]
12. Evaluate each of the following using the 1st FTC (no calculator):
a) 
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13. A pipe is either dumping water in or sucking water out of a bucket.  The rate of flow (gallons/min) is given by f(t) = 3 – 2t.  

a) What was the net change in the amount of water in the bucket between time 0 and 4?  Write an appropriate expression describing how you got this amount.

b)  How much water entered the buck from time 0 to 4?  How much water left the bucket?  Show work or explain (a graph may help).

c) Suppose there was 10 gallons of water in the bucket at time 0.  How much water is in the bucket at time 3?  Show work or explain.
14. The rate of growth of a population (thousands/day) is given by:  r(t) = 3 – ln(t)

a) Is the population growing or shrinking at t = 2?  Explain.

b) What was the net change in population between t = 0 and t = 3?

c) When does the population begin to shrink?  Exact value.
d) The population at time 0 is 3 thousand.  Get a rather complicated looking formula for the population at time t (need to be clever – no algebra required – think about how you would find the population at a particular time).


P(t) = __________________________
Honors Calculus
1st & 2nd Fundamental Theorem (HW)
Name:

15. Find a formula for F’(x) using the shortcut (2nd FTC).  Now find a formula for F’(x) by taking an antiderivative to rewrite F(x), and then taking a derivative of the result.  Did the lower limit have any effect on your answer?
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16. Use the 2nd FTC to find F’(2) for each of the following:

a) 
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17. Let 
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.  v(t) is the rate that water enters a bucket t minutes after 12:00.
[image: image109.emf]-5


-4


-3


-2


-1


1


2


3


4


5


6


-5


5


10


15


20




-5 -4 -3 -2 -1 1 2 3 4 5 6

-5

5

10

15

20


a)  What is F(4) (include units in your answer).

b) What is F’(6) (include units in your answer) & what does it represent?

c) Why can’t you say how much water is in the bucket at time 6?

d) Suppose there was 10 gallons of water in the bucket at time 5.  How much water was in the bucket at time 3?  How about at time 1?  How about at time 7?

e) When will the bucket have the most amount of water?  Explain.

18. Find an antiderivative for ln(x) (i.e. a function whose derivative is ln(x)) without doing much work at all.  Hint: use the 2nd FTC.  

19. 
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 where a graph of f(t) is on the right.Find any extrema or inflection points.  Explain or show work.
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Honors Calculus


2nd FTC twists



Name:

Warmup:  f(2) = 5 & f’(2) = -3.  Find a value for y’(2) if

a) y = x2f(x)




b) y = f(x2)

1. The 1st FTC is shown below.  Informally justify this equality using the idea of rates and amounts, and explain the meaning using a relevant application.
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2. The 2nd FTC is shown below.  Justify this equation using the ideas of derivatives and antiderivatives.

If 
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, then F’ is just f

3. A couple of twists to the 2nd FTC are shown below.  Find F’  & G’ without using the 2nd FTC.  Show work or explain. 
a) 
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4. You are given that 
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where f(t) is show to the right.  
a) Where is H(x) increasing (make a line graph)?

b) Where is H(x) concave up?
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Honors Calculus
RRAM & LRAM – Extra Handout

1.  The rate of production for spider man gummi vitamins (my personal favorite) is graphed on the right. 
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a)  What is the production rate at time 2?

b)  When is the production rate 1,500/hr (show work)?

2. Divide the interval between x=1 and x=4 into 5 evenly spaced intervals.

a) Estimate the area under the curve (show calculation):


LRAM (5 rectangles)


RRAM (5 rectangles)

b) What does the area under the curve between t = 1 & t = 4 represent (include units?.  Justify your answer.

3. 
Use LRAM & RRAM & an appropriate number of rectangles, to estimate the vitamin production at a second plant between time  2 and 5:

	Time
	2
	2.75
	3.5
	4.25
	5

	Production
	1.5
	1.7
	2.0
	2.3
	2.7


4.  Sketch a production curve that would result in an under estimate if you used RRAM.

Honors Calculus

Area & Definite Integral Review


Name:
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1. The rate that people are entering a party (calculus festivus 08) is shown in the graph.

a) Estimate the region using LRAM and 3 rectangles.

b) Does LRAM provide an over or under estimate for the actual area?  Explain – no calculuator.

c) How many people entered the party between time 0 and time 2?  Explain or show work.

2. Your time and velocity are recorded in the table below. Use LRAM & RRAM to get estimates for the distance traveled.

	Time (min)
	0
	3
	6
	9
	12
	15
	18

	Velocity (ft/sec)
	1
	1.2
	1.5
	1.9
	1.8
	1.5
	1.3


3. If the curve is a rate (gallons per minute, miles per hour, etc.) then the area between the curve and the x-axis is a net change in amount (gallons, miles, etc.) for the given time interval.  Justify this statement.

4. Handout 5.3 #1 – 3, 5, 47,48; Handout 5.2 #24 (volume problem with LSUM)
Honors Calculus
1st & 2nd Fundamental Theorem Review

Name:

1. Find an antiderivative for each of the following (how do you check your answer?):

a) 3t7


b) cos(2t)

c) 2e5t


d) 
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2. Use the 1st FTC to evaluate each of the following:

a) 
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b) 
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3. People are entering an auditorium at the rate (people/sec) given by f(t) = 3t – 1.  There were 12 people present at t = 5.  How many will there be two minutes later?  Show work or explain.

4. Find a formula for F’(x) without using the 2nd FTC if possible.  Otherwise use the 2nd FTC.

a) 
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b) 
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c) 
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5. The height (ft) of an object at time t (min) is given by 
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Calculator o.k. but show work or explain.

a) Find H(5) including units.


b) Find H’(5) including units

c) What is the objects lowest point?

c) How much distance did the object travel 

    from time 0 to 10.

Honors Calculus
   Using Rates to get a Change in Amount
        back to page 1
You could argue that there are really only two important ideas in this entire course.  One of the ideas is that we can measure the “slope” of a curve at a point and often think of this slope as an instantaneous rate (ft/sec for example).  The other idea involves the graph of a “rate” function and the area between the curve and the x-axis.

1. 
In a moment of carelessness a motorist has accidentally set the cruise control to 75 mph.  The motorist continues for 1.5 hours; parks the car by the side of the road for 30 minutes for unknown reasons; and then continues their journey for another hour with the cruise control now set at 65 mph.  Sketch a graph of speed vs time below.  What is the area between the graph & the x-axis?  What does this area represent (think about the units)?
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       The area is 177.5 & represents the 
       distance traveled (look at the unit):
          75 mile/hr ∙ 1.5 hr = 112.5 miles
          65 mile/hr ∙ 1.0 hr =   65.0 miles
                                           177.5 miles
2.
 The rate of snowfall as a function of time is shown in the graph below.  Would it make more sense to name the graphed function S(t) or S’(t)? 

[image: image116.emf]f(t)




f(t)

a)  Is the snow falling more or less heavily as time

     passes?  Explain.

     More Heavily – rate increases from .5 inch/hr.
     to 3 inch/hr.
b) Estimate the area between the curve and 

    the x-axis between times 3 & 4.  Why does 

    it make sense that this area corresponds to

    the amount of snow fall between time 3 & 4?

    ≈ 2 inches   (look at the units used to get area:   inch/hr ∙hrs 
[image: image70.wmf]Þ

 inches)
c) About how much snow fell during the middle 4 hours of the storm?  Explain.

    ≈ 9 inches   (the area under this part of the curve is roughly 9 units) 
Honors Calculus

LRAM, RRAM, and MRAM

        back to page 2
Rates & Change in Amount:  If you have a graph of a positive rate function, then the area between the graph and the x-axis over a time interval is the change in amount during that time period.  The question then becomes how to calculate or estimate the area of the region.  One approach is to “chop” the region up into several rectangles of the same width.

Ex 1:  Your velocity at time t is given by V(t) = ln(t-1)+1.  Use LRAM, RRAM, & MRAM (Left, Right, & Midpoint Rectangle Approximation Method) with 3 rectangles to estimate the distance traveled between times 2 & 8. 

Separate the region into 3 rectangles of equal width.  Three possibilities for the height of the rectangle are the value of the function on the left side of the interval, the right side, or the middle. 


      LRAM 

 
       RRAM


          MRAM
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      2(1) + 2(2.1) + 2(2.6)  
     2(2.1) + 2(2.6) + 2(3.0)  
         2(1.7) + 2(2.4) + 2(2.8)


11.4 ft



     15.4 ft



13.8 ft

Note: The units in the above calculations were (sec)∙(ft/sec) or ft, so it makes sense that the area between the curve and the x-axis is change in position or distance.
3. Which methods in Ex 1 produced an over estimate for the distance traveled?

    RRAM & perhaps MRAM are over estimates.
4. Draw a curve that would result in an over estimate if you used LRAM.

    One of many possibilities:
Honors Calculus


The Definite Integral

           back to page 3
We have been using LRAM & RRAM to estimate the area between a curve and the x-axis.  We area know going to introduce integral notation to represent these areas.  






Definite Integrals
The shaded region along with the definite integral that represents this area between the curve and the x-axis is shown below. 
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The lower limit, upper limit, and integrand for the definite integral are 2, 5, and x2 - 4 respectively.  The dx simply means that x is a variable (as opposed to a constant).   You could argue that the dx really serves no purpose in nearly every example that we will see as it will be abundantly clear what is serving as the variable.

5a) See if you can get your calculator to look like the graph above & find the area of the region (you will need to use something in the calc menu).  Write the key strokes below (you should get 27 square units).



Graph y = x2 – 4 & use 2nd  calc  
[image: image72.wmf]()
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  2  enter  5  enter
 b) Clear your screen using 2nd, draw, clrdraw.  Evaluate the integral below using the calculator & make a sketch of the corresponding region.  Why do you think you are getting a negative value? 
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 = -10.667  (negative because the curve is below the x-axis)
c) Evaluate, sketch and compare with the integrals with parts a) & b).  Any conclusions?



i) 
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= 37.667
 
The physical areas of the regions don’t change when you apply the absolute values, but the regions will now be above the x-axis so the integral counts all the area as positive.  For part ii) you get the sum of the answers to a) & b).
Honors Calculus

Properties of Integrals

                 back to page 4
6. There area two pipes that pump water in or out of a tank of water.  f(t) & g(t) give the rate of flow for each of the pipes in gallons per minute.  Which of the following equations are valid?  Explain by giving the real world meaning for each term in the equation.

i) 
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Valid:  The amount of water flow  between time 0 & 2 plus the amount between time 2 & 5 is equal to the amount between time 0 & 5.
 ii) 
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Valid:  On the left we add up the amount of water that came from each pipe seperately.  On the right we pretend like it is one big pipe with a flow rate of f(t) + g(t).
iii) 
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Valid:  Think of the left side as doubling the flow rate (2f(t) is the new flow rate).  Doubling the flow rate should double the amount of water, and the right side shows twice the original amount of water. 
Properties of Integrals:  Several properties are shown below.  Property 1 basically says that if you gained 10 gallons going forward in time (say time 1 to 3), then you would have lost 10 gallons going “backwards” in time (time 3 to time 1).

Order of Integration:  
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Constant Multiple:     
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Sum & Difference:    
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Additivity: 
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Honors Calculus

The Average Value of a Function
back to page 5
7.
The rate (hundereds per hour) that people are entering a party (calculus festivus 09) is shown in the graph to the right. 

a) 
The average rate of entry during the two hours must be somewhere between 100 & 300 people per hour.  Why?  Would you guess that the average rate is more or less than 200 ppl/hr?  Explain. Less than 200 because the instantaneous rate was well below 200 for most of the time & never got way above 200.
b) What is the average value for the rate (otherwise know as the average rate) at which people enter the party during the first 2 hours?  Show work or explain.  Average Rate:  # who entered / 2 hrs 
[image: image83.wmf]Þ

158 people (integrate to get # people)
Ex 2 (Average Value of a Function):  We do not need to restrict ourselves to a rate functions in order to talk about an “average value” for the function.  The following expression will give us the average value for h(t), shown below, on the interval [0,4].
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Imagine the graph below as the side view of a 4 foot wide fish tank with the curve being the water level.   When the wave calms down, we will see a rectangle of the same area.  We want the height of this rectangle.  Think of the expression above as finding the average “height” by dividing the area of the region by the width.

 
8.  All of the following refer to Ex 2.

a) Is h(t) ever equal to its average value on the interval [0,4]?  If so, for what value of t?  Yes,  h(t) = 2.33  
[image: image85.wmf]Þ

 t.5 + 1 = 2.33 
[image: image86.wmf]Þ

 t = 1.78
b) If h(t) were a velocity function what would the average value on [0,4] represent?  It would represent the average velocity between times 0 & 4.
c) Write a formula for the average value of h(t) on the general interval [a,b].   
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Honors Calculus
 The 1st Fundamental Theorem of Calculus
           back to page 6
1st FTC (informal):  The 1st fundamental theorem of calculus states that you can find the net change in amount (gallons of water, displacement in miles, etc) between t = 1 & t = 4 by two methods:


* use the rate function, say f(t), and integrate between time 1 & 4


* use the amount function, say F(t), & subtract the amounts at times 4 and 1

1st FTC (formal):   
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 where f(t) is the derivative of F(t)
Note: Here we think of f(t) as being a rate or derivative (velocity, gallons/min) and F(t) as being the amount function (position, gallons).  F(t) is the “anti-derivative” of f(t) (i.e. something whose derivative is f(t)).

Ex 3 (1st FTC to Evaluate a Definite Integral):  The integral below was evaluated without a calulator.  Explain. 
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Imagine the integral as representing a change in amount between times 0 & 1 with the rate function:  f(x) = 3ex + 2x5.  Get an amount function.  Find the change in amount by plugging a 1 and a 0 into the amount function and subtracting the two values (that is what the vertical bar notation means).    

Note: The rate is an exponential plus a power, so the amount function must have started out as an exponential plus a power.  What has a derivative of 3ex?  Easy, 3ex.  What has a derivative of 2x5?  Focus on the power first (must have looked like __ x6). To make things work when you take a derivative, you need a 6 in the denominator to divide out the exponent & the 2 in the numerator that you want to end up with.

9.  An object’s velocity (ft/sec) is given by V(t) = t2 – 1.

a) 
Use the rate function to get the change in position from time 1 to time 4 (show a little work).
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b)
With a little cleverness you can almost find the position function.  Give a possible position function & use it to find the change in position from time 1 to 4. 



S(t) = 1/3t3 – t  (because S’ = V) ;  S(4) – S(1) = 18 ft
c) Why do we need the “almost” in part b).  Would your answer to part b) change if you used a different possible amount function?  Explain.  Provide an example.  We don’t know the starting position.  It could be that S(t) = 1/3t3 – t + 5.  This would not change are answer to b) because the 5’s would subtract out in the calculation (the rate, not where you started determines how far you walk in a given time period).
Honors Calculus
1st & 2nd Fundamental Theorem of Calculus
        back to page 7
The 2nd FTC is the complicated looking rule below that basically states that if you take an antiderivative, and then a derivative, you get right back to where you started.  One use is to find the derivative of a certain type of “strange” looking function.  Another use is to “cheat” when looking for an antiderivative.

2nd FTC:  If f(t) is continuous and we define
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      then the derivative of F(x) is just f(x).  Or, in other words, F’(x) = f(x).

2nd FTC (chain rule version example):  If f(t) is continuous and we define
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       then the derivative of F(x) is f(g(x))∙g’(x).  

Note: The value for the lower limit, a, plays no role in the theorem.  As an example for the chain rule version:  if g(x) = x2 -1 & f(t) = sin(t), then F’(x) = sin(x2-1)∙2x.

10. Consider the function F(x) defined below.  A) Find a value for F(5).  B) The 2nd FTC states that F’(x) = 3x5.  Prove that this is true using the 1st FTC (take an antiderivative).  In a way it is obvious that you will get F’(x) = 3x5.  Explain.
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: F(5) = 
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11.  v(t) is the velocity (mph) of an object moving on the x-axis graphed below. 
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 a) Find a value for F(3) and explain what it represents in terms of the object. 

      F(3)  = 6 miles (count squares between 0 & 3)
b) Find a value for F’(3).  F’(3) = v(3) = 1 mph (you are looking at a graph of F’)
c) What is the objects acceleration when it changes direction?  Explain.  Changes directions at t = 4, acceleration = slope of velocity = - 1 mph.
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