Honors Calculus
The Mean (average) Value Theorem

    page 4-1 solutions
The mean value theorem relates the average rate of change over a time interval to the instantaneous rate at a particular moment.  The jist of it is this:  Suppose it took Ray Ray 30 minutes to drive the 20 miles to work.  Did the speedometer ever read 40 mph?

1. The number of gallons of water in a bucket over a time interval is shown in the graph below.

 a) What is the average rate of change between time 3 and time 8?  Draw the corresponding line segment and label the slope.  

b) Mark points on the curve where the instantaneous rate of change is clearly greater than the average rate, clearly less than average, and about equal to the average rate.

c) Analytically find the coordinates of a point on the curve where the instantaneous rate of change is equal to the average rate of change.

d) What we have done could be summarized as solving:  
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.  Explain!
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Honors Calculus
Conditions for The Mean Value Theorem
 page 4-2 solutions
Sometimes the MVT applies and some times it does not.  We will give the formal theorem and examine the conditions under which the theorem does and does not apply.

Mean Value Theorem (formal):
If f ‘(x) exist on the interval [a,b] then there is a value c between a & b such that:
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Generally we are looking to find the value c.  Note that the theorem doesn’t tell us how to find this value, just that it will exist provided f ‘(x) exists on the interval.

2. Which of the following do not have a point where the instantaneous rate is equal to the average on the interval [3,8]?  What do these functions have in common?
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3. Suppose f ‘(x) exist for 0 < x < 10.  Is f ‘(x) ever equal to 0 on the interval [0,10]?  More than once?  Is f(x) ever equal to 3 on the interval [0,10]?  More than once?  Explain.
	x
	0
	1.5
	5.5
	7
	10

	f(x)
	30
	50
	30
	-20
	30


4. Find “c” in the interval [2,5] if the MVT applies:

a) f(x) = x2 – 3x + 2

b) 
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c) f(x) = |x-3| + 1
Honors Calculus

     Extrema & Concavity

      page 4-3 solutions
The 2nd derivative of a function gives the slope of the graph of the first derivative; it is written f ’’; an example would be f(x) = 2x3 – x2 & f ”(x) = 12x – 2.  Two key features of a graph are local minimums and maximums (also called extrema) and concavity.  We will use the idea of derivatives and second derivatives to analyze these features of a graph.  Before we do so there are a few vocabulary terms that we will need.
Increasing:  Graph slopes up as you move left to right (officially f ’ is positive).
Local Min/Max (Extrema): Top of a hill or bottom of the valley (officially where the derivative changes from positive to negative or vice versa).
Concave Up: The shape of a U or part of a U (officially f “ is positive).
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Critical Value: Value where f ‘ is 0 or DNE (place to look for local min/max)

Inflection Point:  Value where concavity changes (officially where f ‘’ changes from positive to negative or vice versa)
[image: image50.emf]

5. Use the graph of f(x) to answer each of the following.

a) Where are the critical values?  How do you know?
b) Do you think the critical values are most directly related to extrema, concavity, or inflection points?  Explain.

c) Approximately where is the inflection point(s)?  How do you know?

d) Where is f ‘’ positive?  Explain by looking at slopes & explain by looking at concavity.
Honors Calculus

Graphs of the Derivative

      page 4-4 solutions
Today we will be looking at a graph of the derivative or “rate” function instead of the original or “amount” function.  It is crucial that you are able to interpret each type of graph correctly.
6. The rate that water is flowing into a tub is shown below.  Would it make more sense to label this graph A(t) or A‘(t)?

[image: image51.emf]

a) What is happening at t = 2 in terms of the bucket & water?
b)  The curve slopes up at t = 4.  Does this mean the tub is filling up at time 4?  Explain.
c) Let A(t) be the amount of water in the tub.  Find any critical values & extrema for the graph of A(t).  Indicate whether the extrema are mins or maxes.  Show work or explain.

d) Is the graph of A(t) concave up, concave down, or some of both?  Is there an inflection point?  If so where?  Explain.
e) When might the bucket have had the most water in it for 1 < t< 6?  Can you say for sure?  Explain.

7. The derivative function is given by f ‘ (x) = x2 – 8x + 15.  All questions refer to the graph of f (x), the original function.
a) What are the critical values?  Label each as a relative min, max, or neither.

b) What is the x-coordinate for the inflection point(s).

c) Where is the graph of f(x) increasing (sloping upward)?

Honors Calculus

Properties of f(x) Based on Graphs
 page 4-5 solutions
It is essential that you are able to answer questions about the graph of f(x) given a graph of f ‘(x) or occasionally f ‘’(x).  The table below summarizes many of these relationships between the graphs of f, f ‘, & f ‘’.  It can be helpful to think of f(x) as position, f ‘(x) as velocity, and f ‘’(x) as acceleration.  You should get to the point where the table makes sense to you.  It is not my intent that you memorize this table.
Finding Properties of Function Using Different Graphs

	
	Looking at graph of f(x)
	Looking at graph of f ‘(x) 
	Looking at graph of f ‘’(x)

	Critical Values
 (f ‘ = 0 or DNE)

	Slope = 0 or DNE
	x-intercepts
	NA

	Inflection Point 

(f “ changes signs – check where f “ is 0 or DNE)


	Estimate where the concavity changes
	min/max because slope of f ’ is f’’

	crosses x-axis

	Increasing 

(f ‘ is positive)

	Look & Estimate

	above x-axis
	NA

	Concave Up

 (f “ is positive)

	Look & Estimate
	Graph slopes up because slope of f ‘ is f “

	Above x-axis 

	Extrema 
(f ‘ changes sign)

	Look & Estimate
	Graph crosses x-axis

	NA




9. 
Make a quick sketch in each box illustrating the corresponding text.

10. Can you have a critical value that does not correspond to a max or min?
11. Which box is the most difficult for you to understand?  Explain thoroughly the ideas contained in that box.

Honors Calculus
Line Graphs for Extrema & Inflection Points
      page 4-6 solutions
A function increasing on an interval means the same thing as the derivative being positive.  Why?  If you can figure out the intervals where f ‘ is positive, then you have also figured out where f is increasing.  This idea can be efficiently summarized using a line graph.
Line Graph For f & f
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:  f is increasing when f ‘ is positive and vice versa.  You have a relative max where f ‘ changes from + to - & a min where f ‘ changes from – to +. 




   f          
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Label the number line with the critical values (you will need to find these by setting f’ to 0).  Check if f ‘ is + or – in each interval.  Obviously x = -2 is a max & x = 5 is a min.
12. Suppose the only critical values are x = -2 & x = 5 as above.  How do you know that f ‘ will either always be positive or always be negative on the interval (-∞,-2)?  In other words, why can’t you have another sign change for f ‘ on the interval (-∞,-2)?

Line Graph For f & f
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:  f is concave up when f
[image: image9.wmf]''

 is positive.  You have an inflection point if f 
[image: image10.wmf]''

 changes from + to – or vice versa. 




   f          
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Label the number line where f 
[image: image15.wmf]''

 is 0 (you will need to find these values).  Check whether f’’ is + or – in each interval.  Note that x=5 is an inflection point and x = -1 is not an inflection point.
13. Is it true that f ‘ is increasing means the same thing as f ‘’ is positive?  Explain.  Give an example in terms of position, velocity, and acceleration.  
Honors Calculus
Line Graphs for Extrema & Inflection Points
      page 4-7 solutions
The key for making a line graph is to find the values where f ‘ is 0 or DNE & the values where f ‘’ is 0 or DNE (f ‘ & f ‘’ DNE at corners).  This usually involves a fairly straightforward factoring problem or looking at a graph that is provided for you.  
Next you need to figure out whether f ‘ (or f ‘’) is + or – on each interval.  One method is to plug a convenient value from the interval into the formula for f ‘ (or f “).

Ex 1:  Make a line graphs to find extrema & inflection points for f ‘(x) = 3x2 – 4x (no calculator).  Show work & explain.
critical values  (f ‘ is 0 or DNE)

Possible Inflection Point ( f ‘’ is 0 or DNE)
   3x2 – 4x = 0 




6x – 4 = 0

 x(3x – 4) = 0  




x = 2/3

x = 0 or x = .75

f        
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f        
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       ---------0-----------4/3---------

      ----------2/3----------

f ’       +               -                 +

f ’’       -                  +                 

rel max at x = 0 because f ’ changes

I.P. at x = 2/3 because f’’ changes sign

from + to -, rel min at x = 4/3 because

f ’ changes from – to +



Note:  If x is less than 0 then x(3x-4) is neg∙neg so f ‘ is pos.  If x is between 0 & 4/3 then 

x(3x-4) is pos∙neg so f ‘ is neg.  Similarily if x is greater than 4/3 then f ‘ is pos.  If you prefer just plug a value from each interval into the formula for f’.
14. Use a line graph to find extrema, the intervals where f(x) is increasing or decreasing, and any inflection points.  Show work and explain.
a) f(x) = x3 – 6x2 + 15




b) y = 3xex





Honors Calculus
Concavity, extrema, & graphs of f & f’ (HW)

Name:

4.3 21 – 24, 29, 49, sketch a graph with f(0)=2, f’ +on (0,3) & f’’ neg on (3,5)

11. Use a line graph to find extrema, the intervals where f(x) is increasing or decreasing, and any inflection points.  Show work and explain.

c)  
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d) f(x) = xe2x





e) 

Honors Calculus 
Position, Velocity, & Acceleration

Name:
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Answer each of the following for each object (whose graph is shown above).

1. Where is the position function decreasing?

2. Where is the velocity decreasing?

3. Where does the object change direction?

4. Where is the velocity negative?

5. Where is the acceleration negative?

6. Where is the velocity zero?

7. Where is the acceleration zero?

8. Where is the speed increasing?

Honors Calculus 
Position, Velocity, & Acceleration

Name:
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Answer each of the following for each object (whose graph is shown above).

1. Where is the position function decreasing?

2. Where is the velocity decreasing?

3. Where does the object change direction?

4. Where is the velocity negative?

5. Where is the acceleration negative?

6. Where is the velocity zero?

7. Where is the acceleration zero?

8. Where is the speed increasing?

Honors Calculus

MVT, extrema, & concavity review

Name:

MVT: If the derivative exists between 3 & 8, then the instantaneous rate/slope is equal to the average rate/slope at some point between 3 & 8.

Critical Value: Value where f ‘ is 0 or DNE (place to look for local min/max)

Inflection Point:  Value where concavity changes (check where f ‘’ is 0 or DNE).
Line Graph for f & f ‘ :  f increasing means the same thing as f ‘ being positive

Line Graph for f & f ‘’: f concave up means the same thing as f ‘’ being positive
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1a) Estimate the critical point(s) & inflection point(s).  

b) Where is f(x) is concave up?

c) Where is f ‘’ positive?  Explain.

d) Where is f ‘ increasing?  Explain.

2. 
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.  Use calculus to determine where the graph is concave up, and to find any local extrema.
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3.  h ‘ (x), the derivative of h(x) is graphed to the right.  Estimate the critical and inflection point(s) for h(x), estimate where h(x) is increasing, where h(x) is concave up, and identify any extrema (indicate whether a max or min).  Justify your answers.

4. Would the MVT apply on the interval [-2,2]?  If so, find c so that 
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b) f(x) = |x| + 2

c) 
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5. Identify any critical values that are neither local mins nor maxes.  Identify any values where   f ‘’ = 0 but are not inflection points (no concavity change).
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6.  g(x) = 2x3 – 4x2 + 5.  Find the critical point(s) and inflection point(s).  Where is g(x) increasing?  Where is g(x) concave up?  Use calculus and show your work (you may verify on your calculator).

7.  A graph of the rate of change of  the temperature of a potato, T’(x), is shown below.

[image: image62.emf]x
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a)  Is the potato colder at x = 3.5 or at x = 4?  Explain.

b)  What is happening at time 3? 

c) Where would the absolute minimum temperature take place?
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1a) .5 gallons/min

  

b) see graph 
[image: image27.wmf]
c) x = 5.5 (solve y’ = .5 
[image: image28.wmf]Þ

 x – 5 = .5 )

d) The right side of the equality is the average rate of change over the interval.  The left side of the equality is the slope of the curve at c.  We solved for the value c that makes the equation true.
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   back to page 4-2
2. The 1st & 3rd & 4th  do not have such a point.  They have discontinuities or corners. 

3. 
Yes, the avg. rate of change is 0 on the intervals [0,5.5] & [5.5,10], so there must be a point on each of these intervals where f ‘ is 0 (may only be one point that is on both intervals).


Yes, the function is continuous and goes through (5.5,30) & (7,-20), so it must have passed through a point with a y-coordinate of 3 somewhere on the interval 5.5 < x < 7.

4.   a) x=3.5 (solve 2x – 3 = 4)
      b) x = -22/6 or x ≈3.67  (solve -22/3 = 2x)
Page 3 Answers





     back to page 4-3
5a) x = -1 & x = 2 (slope of the curve is 0)

  b) Extrema, because the extrema correspond to critical values.  For example, a relative max is that point where the curve changed form increasing to decreasing.  If the change was smooth the derivative will be zero; if the change was abrupt (creating a corner like an absolute value function) the derivative will not exist.
  c) (0,0), the concavity appears to change at the origin.
  d)  (0, ∞); f ‘’ is positive because f ‘ is increasing (slope of the curve goes from neg to less negative to positive);  also, the graph appears to be concave up on this interval, which means the same thing as f ‘’ being positive.

Page 4 Answers





  back to page 4-4
6. A’(t) would probably make more sense as this is a rate function we are looking at.

a) We switch from filling up the bucket (positive flow rate) to draining the bucket (negative flow rate).

   b) No, the flow rate is -2 gal/sec here.  The positive slope, in this case, means the tub will be draining more slowly as time passes.

c) x = 2 is a local max & x = 5 is a local min.  At x = 2 the flow rate changed form positive to negative, so we have a max.  At x = 5, the flow rate changed from negative to positive so we have a min.

d) Both, inflection point is at about x = 3.5.  A’’ appears to be negative to the left of x = 3.5, as the slope of A’ appears to be negative there.  A’’ appears to be positive to the right of x = 3.5 for similar reasons.  So, A’’ changes signs at x = 3.5.

e) Maybe at time 2 or 6.  Don’t know for sure.  Need to know whether it lost more water between times 2 & 5 than it gained between times 5 & 6.

7a) x = 3 (max) & x = 5 (min);  f ‘ = 0 
[image: image29.wmf]Þ

  (x -5)(x – 3) = 0 & check where f ‘ is +/-.

   b) x = 4;  f ’’ = 0 
[image: image30.wmf]Þ

 2x – 8 = 0.

   c) (-∞,3) & (5,∞) ; check where f ‘ is positive
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             back to page 4-5
9.

	Where do each of the following occur on the graph of f(x)?
	Looking at graph of f(x)
	Looking at graph of f ‘(x) 
	Looking at graph of f ‘’(x)

	Critical Values

 (f ‘ = 0 or DNE)


	Slope = 0 or DNE
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x-intercepts
	NA

	Inflection Point (f “ changes signs – check where f “ is 0 or DNE))


	Estimate where the concavity changes
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	slope changes sign (min/max) because slope of f’ is f’’
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crosses x-axis

	Increasing (f ‘ is positive)

	Look & Estimate
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Above x-axis (f ‘ is +)
	NA

	Concave Up (f “ is positive)

	Look & Estimate
	Graph slopes up (f ‘’ is + )


	Above x-axis 

	Extrema 

(f ‘ changes sign)

	Look & Estimate


	Graph crosses x-axis
	NA




10.  Yes something that increases, levels for an instant, then increases again (see graph to the right).
11. I occasionally get mixed up finding where f is concave up/down looking at f ‘ graph.
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12. If f ‘ changed from + (above x-axis) to – (below x-axis) then it would create a critical value.  We already found all of the critical values, so this can’t happen.
13. Yes, and this is an important idea to latch onto.  If velocity (f ’) is increasing, that means your acceleration (f ’’) is positive.  Remember that if your velocity is becoming less negative (-10 ft/s, -7 ft/s, -4 ft/s, etc.), that counts as increasing velocity.
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             back to page 4-7
14. a) 0 = 3x2 – 12x  
            0 = 3x(x – 4)

            c.v. x = 0,4


0 = 6x - 12
         I.P. x = 2
f        
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       ---------0-----------4---------

      ----------2----------

f ’       +               -                 +

f ’’       -                  +                 

b)  0 = 3xex + 3ex  (product rule)
     0 = 3ex(x + 1)

      c.v. x = -1 (ex is never 0)

      0 = 3xex + 3ex + 3ex
      0 = 3xex + 6ex
      0 = 3ex(x + 2)

      I.P. x = - 2
f        
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