Honors Calculus

Differential Equations


Name:

Recall that an antiderivative of 3x2 means something whose derivative is 3x2.  The general antiderivative is x3 + C where C is a constant.  Why +C?  Solving a differential equation is similar to finding an antiderivative. 
Ex 1:  A diffential equation is an equation that involves a derivative.  A “solution” is a function that satisfies the equation.  Find the general solution & the particular solution satisfying y(1) = 5 for the equation below:




[image: image91.emf]1


2


3


4


5


-1


1


2


y = x^.5




1 2 3 4 5

-1

1

2

y = x^.5


Both terms of the derivative are powers.  The original powers were 4 and 2.  Check the derivative at each step and adjust appropriately (soon you will do this all mentally):
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The derivative of the first expression would produce a 4 & 2 in the numerators so adjust.  The derivative of the second expression would produce coefficients of 1, so adjust.  The general and specific solutions area:


y = .5x4 + .5x2  + C
    &       y = .5x4 + .5x2 + 4   (where did the 4 come from?)

Ex 2:  Find the general solution & the solution satisfying y(0) = 4 for the equation below:
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The second term is easy.  It started out as 3x.  The first term started out as “basically” emess.  Can you see why?  Start with emess, check the derivative at each step & adjust appropriately.   
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Divide by 2 to take care of the 2 in the mess’ and multiply by 3 because you want to end up with a factor of 3.  The general and specific solutions area:
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[image: image13.wmf]2

5

.

1

x

e

+  3x  + C
 
&               y = 
[image: image14.wmf]2

5

.

1

x

e

 + 3x + 2.5
Honors Calculus

Indefinite Inegrals & Antiderivatives

Name:

The notation 
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 just means the antiderivative of f(x).  For example:
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For now we will only look at functions that began as power, exponential, trig, or ln.  The antiderivatives formulas and some useful tips are summarized below.  You will soon get to the point where you area able to find these types of antiderivatives without a lot of thought or effort.




Anti-Derivative Formulas




Basic


       Chain Rule Version
Power:  
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Exponential:
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Trig:
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Ln:
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There are a few helpful questions to ask yourself as you look for antiderivatives:


•   What is the mess & mess’ (chain rule version)?

•   Did this start out as a power, exponential, trig, or ln function?


•   What was the original power if it was a power function?


•   If I take the derivative of my answer will I get the original integrand?

•   The integrand has to have one of the four basic structures above (for now).  


     Just as you must multiply by mess’ when taking derivatives, you must 

                 have the mess’ in the integrand when taking antiderivatives.
Notes:  This is not so bad as we are only dealing with 4 types of functions.  These become relatively easy after a while.  Try to get to the point where you can do most of the work mentally.  You want to check your answers as you go by taking derivatives (hopefully mentally), as you work through the problem.
Honors Calculus

Indefinite Inegrals Examples

Name:

Ex 3: Find the integral:  
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    (the mess is sin(t) & the  mess’ is cos(t))
This started out as a power function - “basically” mess3.  sin3(t) almost works but we would end up with a derivative of 3sin2(t)cos(t).  Put a 3 in the denominator to divide out the 3 we don’t want, and put a 5 in the numerator to take care of the 5 we want to end up with.
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Note: why can’t you think of this as a trig function instead of a power function?
Ex 4: Find the integral: 
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(the mess is 2x – 3 &the  mess’ is 2)
This started out as a power (not an ln).  It ends up as “basically” mess’∙mess-.5, so started out as “basically” mess.5.
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Note: This can’t be an ln.  Otherwise 
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would be the mess, the mess’ would have to be .5(3x-5)-.5,  and we’re be stuck (there isn’t anything remotely close to this mess’ in the integrand).
1. Is each of the following basically a power, exponential, trig, ln, or something we cannot deal with at this point?  Explain.  
a) 
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Honors Calculus

Separation of Variables


Name:
We have usually looked at formulas for the slope of a curve just in terms of x:  y’ = 3x -1.  We have started with y and found y’ and vice versa.  With implicit differentiation we got formulas for y’ in terms of both x & y.  We will now start with a formula for y’ in terms of both x & y, and attempt to find an equation for y itself.  The plan is to get the y’s on one side, the x’s on the other, and take an anti-derivative of both sides.
 Ex 5:  Use seperation of variables to solve the diffential equation below:
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  (co is a constant) 

Note:  Why did the y’ & dy/dx disappeared at the end?  How can you check your answer?  You may or may not be able to isolate the y for you solution.
 Ex 6:  Use seperation of variables to solve the diffential equation below:
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Note:  Usually multiply or divide both sides by an expression involving y to separate the variables.  Where did the + 1 come from after the last arrow?
Honors Calculus

S, V, A, Displacement & Distance


Name:

Many times we need to distinguish between displacement (change in position) and the total distance traveled.  If you walk forward 10 feet and backwards 8 feet, then your displacement is 2 feet, but your distance traveled is 18 feet.

1. A graph of the velocity function, V(t) = 3sin(t), is shown below.  Determine each of the following:

a) When is the particle moving to the right, to the left, and stopped? 

b) Find the displacement & distance traveled between times 0 & 3π/2.

c) Find the positon at time 3π/2 if s(0) =3

d) Find the acceleration of the particle at time 3.
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2.  Would the speed curve make your work any easier for part question 1?  Explain.
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3. A vehicle accelerates from rest at a constant 10ft/sec/sec (each second the velocity increases by 10 ft/sec).  How long will it take the car to travel 100 feet?  How long will it take the car to travel 200 feet?  
Honors Calculus
Trapezoidal Rule for Estimating Area

Name:

We have looked at LRAM, RRAM, and MRAM for estimating area.  For the trapezoidal method, instead of using the left or right side to get “height”, you simply use the average of the left and right sides.

Ex1: Use the trapezoidal method to estimate the area on [1,5] using 2 intervals.  Is this an overestimate or underestimate?
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Ex2: Use the trapezoidal method to estimate the displacement between times 2 and 11:

	Time (sec)
	2
	7
	8
	9.5
	10
	11

	Rate (ft/sec)
	1.2
	1.5
	1.6
	2.1
	2.3
	3


Honors Calculus
  Finding the Area Between Two Curves

Name:

Reminder:  A definite integral can be thought of as RRAM or LRAM with so many rectangles that there is no error.

Suppose you were going to estimate the area between two curves using LRAM or RRAM.  You would find the height of each rectangle by subtracting the y-values corresponding to the two curves.  Therefore, to find the exact area between two curves we integrate “top” – “bottom”.  Three typical cases are shown below:

1. Find the area between the curves y = -x & y = 2 – x2 shown below.  Show the integral you used to get the area.
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2. Find the area enclosed by the curves 
[image: image63.wmf]yx

=

, y = x – 2 and the x-axis.  Show the integral(s) you used to get the area.
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3. Find the area enclosed between the curves y = x and y = x^3 – 2x + 1
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Honors Calculus

Volume (Disk Method)


Name:

Ex 1: (Volume for a Solid of Revolution):  If you imagine spinning the curve below around the x-axis you will get a sideways pumpkin with flat ends.  To estimate the volume we cut the pumpkin into three sections of equal widths (cuts are perpendicular to the x-axis).  The volume of each disk shaped slice will be: (width of slice) x (cross section area).  The cross sections will be circles with R(x) determining the radius.

                    R(x) = -.25x2 + 1.5x + 1[image: image81.emf]
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Volume ≈ 2∙π∙12 + 2∙π∙32 + 2∙π∙32 = 119.4 (width is 2, use π[R(x)]2 for area of each base)
Area vs Volume Analogy:  To find the area between a curve and the x-axis we imagined dividing the region into rectangles of equal width.  We used LRAM or RRAM  to estimate the area (the function was the formula for the heights of the rectangles).  We integrated the function that created the height of the rectangles to get an exact area.  To estimate the volume of a solid we imagine cutting the solid into slices of equal width.  We can estimate the volume by adding up the volume of the slices (use the function to get a formula for the cross sectional area).  We will integrate whatever formula will give us the cross sectional area to get the exact volume.    
Ex 2: (Disk Method for Volume):  Suppose the curve R(x) is rotated around the x-axis creating a solid whose cross sections are disks lined up on the interval [a,b].  Then the volume of the solid is given by:
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Continuing Ex 1, we would get a very accurate volume of 
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Note: The area of the base of each cross section is given by π∙R2(x).  The integral is conveniently evaluated using Y1 =-.25x2 + 1.5x + 1 , 
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Honors Calculus

Volume (Washer Method)


Name:

We will again find the volume of an object by thinking of cutting it into slices and looking at the cross section area (or base area) of each slice.  This time the cross section or base of each slice will be in the shape of a washer.
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 A =  πR2 - πr2 or A = π∙(R2- r2)
Ex 3 (Volume using Washer Method):  If you imagine spinning the region below around the x-axis you will get a tipped over volcano.  When you spin the blank space between the line r = .5x and the x-axis you create the “hole” in the middle of the valcano. Each slice would be washer shaped.  R(x) & r(x) determine the big and little radii of the washer shaped base of each slice.
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We could chop the solid up into several washers to estimate the volume, or we could integrate the formula for the base of each washer to get an exact volume:

The area of the base of a slice is given by:


 

A = π[R2 – r2] 
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 A(x) = π[(-.5x+4)2 – (.5x)2].  
So the volume of solid is given by:



V = 
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Note: The integral is conveniently evaluated using Y1 =-.5x+4, Y2= .5x, 
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, and integrating Y4.  
Honors Calculus

Volume (Twists)


Name:

Volumes of Solids:  The formula below applies for any solid with cross sections pependicular to the x-axis* between a & b, and with cross sectional areas given by A(x).




Volume = 
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We have used the above formula for the special cases where the cross sections were disks or washers and the solid was created by spinning around the x-axis.  Some other examples where this formula (or something similar) applies are given below.    

1. Find the volume of the solid created when the region from Ex3 is rotated around the line y = -2.  One method is to “shift” the region up 2 units and spin the shifted region around the x-axis.  Alternatively you can find a formula for area of the cross sections created by spinning around y = -2 and integrate.
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2. Imagine that you have a bunch of cardboard semi circles of different diameters.  Line the cards up with the diameter fitting between the top & bottom curve to create the solid on the right (the diameter of each card is perpendicular to the x-axis and coming out of the page).  Find the volume of the solid.
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3. When the region to the right is spun around the y-axis you will create washers.  Can you see why?  One method to find the volume is to write the boundries of the region as functions of y, get formulas for the big and little radii in terms of y, and integrate from 0 to 2 with respect to y.  Why not integrate from 0 to 4?

Honors Calculus
Separation of Variables; S,V,A; Trapezoid  (HW)

Name:

1. Separate handouts for anti-derivative practice.

2. Solve each of the following differential equations:

a) dy/dx = x/y and y = 2 when x = 1


b) dy/dy = y/x and y = 2 when x = 2

c) dy/dx = (y + 5)(x + 2) & y = 1 when x = 0

d) dy/dx = cos2(y) & y=0 when x=0

e) dy/dx = -2xy2 and y = 0.25 when x = 1

e) Release AP problems
Determine each of the following for questoins 3 through 6
a) When is the particle moving to the right, to the left, and stopped? 

b) Find the displacement & distance traveled between on the interval.

c) Find the final positon if s(0) =3

d) Find the acceleration of the particle at time 1.

3)  v(t) = 49 – 9.8t on [0,10]



4)  v(t) = 5cos(t) on [0,2π]

5) v(t) = 6t2 – 18t + 12 on [0,2]


6) v(t) = v(t) = esin(t)cos(t) on [0,2π]

7) An automobile accelerates from rest at 
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    a) what is the velocity after 9 seconds?
b) what is the total distance traveled?
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8) A particle is moving along the x-axis (cm).

Its initial position is x(0) = 15.  The figure shows the 

graph of the particles velocity.  The numbers are the

areas of the enclosed regions.  

a) What is the particles displacement between t = 0 and t = c?

b) What is the total distance traveled between t = 0 and t = c?

c) Give the particles position at times a, b, and c.

d) Where does the particle achieve its greatest positive acceleration on [a,b]?

e) Where does the particle achieve its greatest positive acceleration on [0,c]?

9. A machine fills milk cartons with milk at an approximately constant rate, but backups along the assembly line cause some variation.  The rates (in cases per hour) are recorded during a 10 hour period from 8:00 am to 6:00 pm.

	Time
	8
	9
	12
	3
	5
	6

	Rate (case/hr)
	120
	115
	119
	120
	112
	121


a) Use RRAM to determine approximately how many cases were filled over the 10 hours.

b) Use the trapezoidal method to determine approximately how many cases were filled. 
10. Volume  (released AP problems)
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